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PREFACE 

In the preparation of this text the author acknowledges 
joint authorship with Eobert L. Short. 

Geometry is approaohed from the constructive side, all 
methods of construction needed for drawing any figure in 
Books I or II being given in the introduction. In cases where 
a geometric principle is used in any construction, a note at the 
end tells where the principle is proved. In aU figures in the 
early portions of Book I, the construction lines and arcs are 
given ; afterwards these are dispensed with. 

In Props. II and III, Book I, and in other places, colored 
diagrams are given in addition to the regular figures, in which 
the equal parts in the given triangles are represented by lines 
of the same color; this scheme will be found of great assistance 
to the pupil in the earlier portions of the work. 

Below each figure is a paragraph in smaller type, giving full 
directions for the construction of the diagram in accordance 
with the statement of the theorem. This gives the pupil a 
familiarity with the figure, and what in it is given, and what 
to be proved, that is of great value, and lessens the tendency 
to memorize. Many figures are omitted, but complete direc- 
tions for their construction are given in each case. 

In all figures given in connection with theorems and prob- 
lems, given and required lines are made heavy. 

Attention is invited to the order of theorems in Book I ; in 
this case, the pupil begins with the easier proofs. From the 
start the student has practice in representing angles and lines 
by small letters. 

Only the outline of the proof is given after Book II, except 
in the more difficult demonstrations. In this outline work the 
pupil has explicit directions, but develops the demonstration 
himself. In all portions of the work proofs are omitted ? 
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cases where they should present no diflBculty ; usually, in such 
cases, hints are given as to the method of demonstration. 

The numbering of the steps of the proof makes them more 
easy of reference. 

In pook I, and in the first part of Book VII, the authority 
for each statement of the proof will be found directly below, in 
smaller type, enclosed in brackets, with the^ number of the 
section where it is to be found. In other portions of the work 
only the section number is given, and in some cases only an 
interrogation point. In all such cases the pupil should be 
required to give the authority as fully as if it were actually 
printed on the page. 

No principles are given as immediate consequences of theo- 
rems except such as actually belong in this category. Sepa- 
rate propositions are made for all truths which are not 
immediate consequences of preceding theorems. 

The originals are new, and very largely of a practical nature. 
They are not too difficult, will make the pupil think, and are 
more than five hundred in number. The smaller number is 
compensated for by the fact that the pupil has to do some 
original work in almost every proof after Book II. Exercises 
coming under Book I will be found scattered through all the 
following Books of the Plane Geometry ; and a similar remark 
applies to exercises under Book II, Book III, etc. 

At the end of Book I will be found a list of principles 
proved, which will be of great assistance in solving originals. 
A similar list in regard to similar triangles is given in § 265. 

The authors wish to thank the many teachers whose advice 
and criticism have been useful in preparing a treatise that 
should stand the test of class-room work. They are also in- 
debted to Mr. C. W. Sutton for a part of the exercises. 

WEBSTER WELLS. 
Boston, 1908. 



SUGGESTIONS TO . TEACHERS 

In studying the opening propositions, in Geometry, begin- 
ners have diflSculty in fixing clearly in mind just what parts, 
in the figure, are given. To aid this, in Props. 11^ and III, 
Book I, ajid in other places, diagrams are given in addition to 
the regular cuts, ini which the equal given parts are printed 
in the same color. 

This color-scheme may be advantageously followed in the 
class-room, in connection with all figures in the earlier portions 
of Book I. If colored crayons are not available, the beginner 
may designate equal lines by the marks/, //, ///, etc., and equal 
angles by single, double, or triple arcs. 

In solving the non-numerical exercises, while it i? not prac- 
ticable to give very much assistance to the pupil, the following 
suggestions may be found of service : — 

1. Draw an accurate figure, showing all given and required 
lines. 

This sometimes suggests the method of proof. 

2. Be sure that the figure is the most general one allowable. 
Thus, in exercises relating to triangles, do not draw them 

right, isosceles, or equilateral, unless the exercise calls for a 
right, isosceles, or equilateral triangle ; in exercises relating to 
quadrilaterals, do not draw them with two sides equal or par- 
allel, unless the exercise calls for such a construction. 

3. Write down carefully what is given, and what is to be 
proved. 

4. Look up all previous theorems tvhich mxiy possibly have a 
hearing on wJiat is to be proved. 

Thus, if two lines are to be proved equal, refer to all pre- 
vious theorems regarding equal lines. (Compare § 141.) 

In solving exercises in construction, it is advantageous to 
regard the problem as solved, and draw the given and required 
lines. Studying the relations between these will frequently 
suggest the method of construction to be employed. 
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A material body 



A geometrical solid 



1. A material body, as, for example, a block of wood, occu- 
pies a limited portion of space. 

The boundary which separates such a body from surround- 
ing space is called the surface of the body. 

If the material which composes such a body could be con- 
ceived as taken away from it, without aUering the form of the 
hounding surface, we should have a portion of spa^ce, with the 
same bounding surface as the material body. 

We call this portion of space a geometrical solid, or simply 

We call the surface which bounds it a geometrical surface, or 
simply a siwrf^ce; it is also called the surface of the solid*" 

2. If two surfaces intersect each other, we 
call that which is common to both a geometncal 
line, or simply a line. 

Thus, if surfaces AB and CD cut each other, 
their common part, EF, is a line. 

3. If two lines intersect each other, we call that which is 
common to both a geometrical point, or simply ^ -^ 
a point, ^^^\s. ^y^"""^^ 

Thus, if lines AB and CD cut each other, ^/^^^ 
their common part, 0, is a point. (y^ ^^E 

1 




.^D 



2 GEGMETRY 

4. A solid Yi2iS extensi&ri in every direction; but this is not 
the case with surfaces and lines. 

A point has extension in no direction. 

We may conceive a surface as existing independently in 
space, without reference to the solid whose boundary it forms. 

In like manner, we may conceive of lines and points as 
existing independently in space. 

A line is produqed by the motion of a moving point, a sur- 
face by the motion of a moving line, and a solid by the motion 
of a moving surface. 

6. We define a straight line as a line which has the same 
direction throughout its length. 
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A straight line A curve A broken line 

A straight line is designated by two letters anywhere upon 
its length, or by a single letter ; thus, the straight line in the 
figure niay be designated either AB or a. 

We define a curve as a line no portion of which is straight ; 
as CD, 

We define a broken line as a line which is composed of dif- 
ferent successive straight lines ; as EFGH. 

The word ^^line,^' without qualification, will be used here- 
after as signifying a straight line, 

6. We define a plane as a surface such that if a straight line 
be drawn between any two of its points, it lies entirely in the 
surface. 'jif 

Thus, if P and Q are any two points in sur- 




face MNy and the straight line PQ lies entirely /p^ 

in the surface, then MN is a plane. 2\r 

7. We may conceive a straight line as being of unlimited 
length ; we may also conceive a plane as being of unlimited 
extent in regard to length and breadth. 

1 8. We define a geometrical figure as any combination of 
points, lines, surfaces, and solids. 
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We define a plane figure as a figure formed by points and 
lines all lying in the same plane. 

A figure is called rectilinear When it is composed of straight 
lines only. 

A st;»ight line is sometimes called a right line. 

9. Geometry treats of the properties, construction, and 
measurement of geometrical figures. 
. Plane Geometry treats of plane figures only. 

Solid Geometry treats of figures which are not plane. 

10. We define an a'ngle as the figure formed 
hy two straight lines drawn from a point. 

The point is called the vertex of the angle, 
and the straight lines its sides, 

11. If there is but one angle at a given vertex, we designate 
it by the letter at the vertex. 

But if two or more angles have the same vertex, we avoid 
ambiguity by naming also a letter on each side, reading the 
vertex letter between the others. 

Thus, we should read the angle of § 10 "angle 5"; but if 
there were other angles at the same vertex, we should read it 
either ABC or CBA. 

Another way of designating an angle is by means of a letter 
placed between its sides ; thus, we may read the angle of § 10 
" angle a." 

12. Two figures are said to be equal when one can be applied 
to the other so that they shall coincide throughout. 

To prove two angles equal, we do 
not consider the lengths of their 
sides. 

Thus, if angle ABC can be applied 
to angle DEF in such a manner that 
point B shall fall on point E, side AB on side DE, and side BC 
on side EF^ the angles are equal, even if side AB is not equal 
in length to side DEy and BC to EF. 
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4 GEOMETRY 

13. We call two angles adjacent when they have the sanie 
vertex, and a common side between them ; as 
AOB and BOG. 

We call angle AOG the sum of angle§ AOB 
and BOa 

We also regard angle AOC as greater than 0^^^==^ — C 

angle BOCy and angle BOO as less than angle AOC. 

14. If from a point in a straight line a line be diawn in such 
a way as to make the adjacent angles equal, each of the ad- 
jacent angles is called a rigJU angle, and the lines are said to 
be perpendicular to each other. 

Thus, if from point A in line CD line AB 
be drawn in such a way as to make angles 
BAC and BAD equal, each of these angles 
is a right angle, and AB and CD are perpen- 
dicular to each other. 

15. Let G be any point in straight line AB; and let straight 
line GD be drawn in such a way as to make angle BCD less 
than angle ACD, 

Let line GD be turned about point G 
as a pivot towards the position GA, 

Then, angle BCD will constantly in- 
crease, and angle AGD will constantly 
diminish; and there must be some posi- 
tion of CD where these angles are 

jt C Ji 

equal, and there can evidently be but 
one such position. 

If CE is this position, by the definition of § 14, CE is per- 
pendicular to AB at G 

Then, at a given point in a straight line, a perpendicular to the 
line can he drawn, and hut one. 

The following are immediate consequences of § 15 : 

16. Any two right angles are equal. 

17. If two adjacent angles have their exterior sides in the same 
straight line, their sum is equal to tivo right angles. 
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For in figure of § 15, the sum of angles ACD and BCD equals 
the sum of angles AOE and BCEy or two right angles. 

18. The sum of all the angles on the same side of a straight 
line at a given point is equal to two right angles. 

19. The sum of all the angles about a point 
in a plane is equal to four right angles. 

For if a side of any angle, as OA, be ex- 
tended to Ey the sum of the angles on either 
side of straight line AE is, by § 18, equal to 
two right angles. 

20. If the sum of two adjacent angles is equal to tioo right 
angles, tlieir exterior sides lie in the ^sdme 

straight line. 

If the sum of angles AOD and BCD is 
two right angles, side AC if extended 
through C must coincide with CB ; for if 
it did not the sum of the angles would be 
less or greater than 180° (§ 17). 

21. We define a tnangle as a portion of a plane bounded by 
three straight lines; as ABC. ^ 

We call the lines AB, BCy and CA 
\^e sides of the triangle; and their in- 
tersections. Ay By and C, the vertices. 

We define the angles of the triangle 
as the angles CABy ABC, and BCA, 
between the adjacent sides. ^ 

22. A triangle is called scalene when no two sides are equal ; 
isosceles when two sides are equal; equilateral when all its 
sides are equal ; equiangular when all its angles are equal. 







Scalene 



Isosceles 



Equilateral 
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A right triangle is a triangle which has 
a right angle ; as ABC, which has a right 
angle at C. 

The side AB opposite the right angle 
is called the hypotenuse, and the other 
sides, AC and BC, the legs, 

23. We define a circle as a portion of 
a plane bounded by a curve, called the 
circumference, all points of which are 
equally distant from a point within 
called the centre. 

An arc is any portion of the circum- 
ference ; as AB. 

A radius is a straight line drawn from the centre to the 
circumference; as OA, 
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CONSTRUCTIONS 
24. At a given point in a straight line, to draw a perpendicu- 



lar to the line. 



Let it be required to draw a line perpendicular to the 
straight line AB, at the point C. 

With C as centre, and any straight line less than AC as 
radius, describe arcs intersecting AC at D, and BC at E, 

With points D and E as centres, and any radius, describe 
arcs intersecting at F. 

Then, the straight line drawn from C through F will be 
perpendicular to AB at C. 

The reason for the above construction will be found in § 68. 
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25. From a given point without a straight line to draw a per- 
pendicular to the line. 






Ijet it be required to draw through any point G without the 
straight line AB a line perpendicular to AB, 

With O as a centre, and any radius, describe an arc cutting 
ulS at points D and E. 

With points D and E as centres, and another radius, 
describe arcs intersecting at F. 

Then, the straight line CG drawn from C through F will be 
perpendicular to AB, 

The reason for the construction will be found in § 68. 

26. To bisect a given straight line. 

'M ■ 



A- 



j»EJ 
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Ijet it be required to divide the straight line AB into two 
equal parts. 

With points A and B as centres, and with the same radius, 
describe arcs intersecting at C and D. 

Draw straight line CD intersecting AB at E. 

Then, E is the middle point of AB, 

The reason for the construction will be found in § 68. 
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27. To bisect a given angle. 




Let it be required to bisect angle AOB. 

With as a centre, and any radius,, describe an arc inter- 
secting OA at C and OB at D-, with and D as centres, and 
the same radius, describe arcs intersecting at E. 

Then, the straight line OE will bisect angle AOB. 

The reason for the construction will be lound in § 58. 

28. With a given vertex, and a given side, to construct an 
angle equal to a given angle. 





Let it be required to construct with E as the vertex, and 
ED as a side, an angle equal to angle ABC. 

With jB as a centre, and any radius, describe an arc inter- 
secting AB at G and BC at H, 

With J5? as a centre, and BQ as a radius, describe an arc 
intersecting DE at K. 

With ^ as a centre, and the distance from G to H k& a 
radius, describe an arc intersecting the former arc at L. 

Draw straight line ELF. 

Then, angle DEF will equal angle ABC. 

The reason for the construction will be found in § 58. 
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29. Given two aides and the included angle of a triangle, to 
construct the triangle. 



m 





Let it be required to construct the triangle having for two 
of its sides the straight lines m and n, and their included angle 
equal to angle E, 

Draw line AB equal to m, and construct angle BAD equal to 
angle E (§ 28). 

On AD take AC equal to n, and draw straight line BC. 

Then, ABC is the required triangle. 

30. Given a side and two adjacent angles of a triangle, to 
construct the tnangle. 



^G 




Let it be required to construct the triangle having for a side 
the straight line m, and its adjacent angles equal to angles F 
BndG. 

Draw line AB equal to m, and construct angle BAD equal 
to angle F (§ 28). 

Draw line BE, making angle ABE equal to angle G, inter- 
secting AD at 0. 

Then, ABC is the required triangle. 
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31. Given the three sides of a triangle, to construct the 
tnangle. 



m 



^Cy 




Let it be required to construct the triangle having for its 
sides the straight lines m, w, and p. 

Take the straight line AB equal to m. 

With ^ as a centre, and n as a radius, describe an arc. 

With jB as a centre, and p as a. radius, describe an arc inter- 
secting the former arc at G. 

Then, ABG is the required triangle. 

32. Wfr- dofin o f b n Axiom as-* liulh Wlii(^h is assumed With- 
o ut proof ao boin g^elf-evident. 'yC^^^^^^XM^ 

We define a Theorem as a truth requiring proof. 

We define a Problem as a question proposed for solution. 

A Proposition is a general term for a theorem or a problem. 

A Postulate assumes that a certain problem can be solved. 

A Corollary is a truth which is an immediate consequence of 
the proposition which it follows. 

An Hypothesis is a supposition, made either in the statement 
or the proof of a proposition. 

33. Postulates. 

We assume that the following problems can be solved : 

1. A straight line can be drawn between any two points. 

2. A straight line can be extended indefinitely in either 
direction. 

34. Axioms. 

We assume the following as true : 

1. Things which are equal to the same thing y or to equal things, 
are equal to each other. 

% If equals he added to equals, the sums will he equal. 
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3. If equcda he subtracted from equals, the remainders will he 
equal. 

4. If equals he multiplied hy eqtials, the products will he equal. 

5. If equals he divided hy equals, the quotients will he equal. 

6. But one straight line can he draton hetween two points. 

7. A straight line is the shortest line hetween two points. 

8. The whole is equal to the sum of all its parts. 

9. The whole is greater than any of its parts. 

35. Since but one straight line can be drawn between two 
points, a straight line is said to be determined by any two of 
its points. 

36. Symbols and Abbreviations. 

The following symbols are used in the work : 



-h, plus. 


A, triangle. 


— , minus. 


A, triangles. 


X , multiplied by. 


±, perpendicular, is pei 


=, equals. 


dicular to. 


=o=, equivalent, is equivalent 


J§, perpendiculars. 


to. 


11, parallel, is parallel to. 


>, is greater than. 


lis, parallels. 


<, is less than. 


O, parallelogram. 


.-., therefore. 


/I7, parallelograms. 


Z, angle. 


O, circle. 


A, angles. 


(D, circles. 


The following abbreviations 


are used: 


Ax., Axiom. 


Sup., Supplementary. 


Def., Definition. 


Alt., Alternate. 


Hyp., Hypothesis. 


Int., Interior. 


Cons., Construction. 


Ext., Exterior. 


Rt., Right. 


Corresp., Corresponding. 


Str., Straight. 


Rect., Rectangle, rec- 


Adj., Adjacent. 


tangular. 
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RECTILINEAR FIGURES 
DEFINITIONS 

37. We define an acute angle as an angle 
less than a right angle ; as ABC^ 

We define an obtuse angle as an angle 
greater than 9, right angle ; as DEF. 

Acute and obtuse angles are called oblique an- 
gles ; and intersecting lines which are not per- 
pendicular, are said to be oblique to each other. 

We call two angles vertical when the sides 
of one are the prolongations of the sides of 
the other ; as AEG and BED, 

38. If angles AOB, BOC, COD, DOE, are 
all equal, we say that angle AOB is contained 
four times in angle AOE ; and similarly for 
any number of equal parts of angle AOE, 

39. We measure an angle by finding 
how many times it contains another angle 
taken as the unit of measure. 

The usual unit of measure for angles is the degree, which 
is the ninetieth part of a right angle. 

To express fractional parts of the unit, we divide the degree 
into sixty equal parts, called minutes, and the minute into 
sixty equal paints, called seconds. 

We represent degrees, minutes, and seconds by the symbols 
°, ', ", respectively. 

40. If the sum of two angles is a right angle, or 90®, we 
call one the complement of the other ; if their sum is two right 
angles, or 180°, we call one the supplement of the other. 

12 




RECTILINEAR FIGURES 13 

Thus, the complement of an angle of 34* is 90*' — 34**, or 66° ; 
the supplement of an angle of 34'' is 180** — 34% or 146^ 

Two angles which are complements of each other are called 
complementary ; and two angles which are supplements of each 
other are called supplementary. 

41. It follows from the above that : 

1. The complements of equal angles art equal. 

2. Tlie supplements of equal angles are equal. 

42. Since A ACD, BCD (Fig., § 15), are supplementary (§ 40), 
the principle of § 17 may be stated as follows : 

If two adjacent angles have their exterior sides in the same 
straight line, they are supplementary. 

Such angles are called suppiem/entary-adjacent. 

ZiZ. 1 . How many degrees are there in the complement of 43^ ? of 85° ? 

Ziz. 2 . How many degrees are there in the supplement of \T^ ? of 162° ? 

Ex. 3. Find the supplement of the complement of 75° ; of 22° 30' ; of 
46*=* 12' 18'^ J of A°. 

fix. 4. Find the complement of the supplement of 178° ; of 144° ; of 
125° 14' 15" ; of B°. 

ZiZ. 5. Given the fluni and difference of two lines, to find the lines. 
(Bisect the sum, also bisect the difference.) 

Bz. 6. The sum of the lengths of two given lines is 20 inches, and 
their difference is 4 inches ; find the lines. Make a diagram* 

43. Note. The demonstration of a geometric truth consists 
of three parts : 

1. Tlie statement of what is given in the figure. 

2. The statement of what is to be proved. 

3. The proof, depending upon previous theorems, axioms, or 
definitions. 

We shall mark these three divisions of the demonstration 
by the words Given, To Prove, and Proof, respectively. 

We shall use the symbols and abbreviations of § 36, and 
also number the successive steps of the proof. 
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In every proof in Book I, where a preceding theorem is 
given as the authority for any statement in the proof, it will 
be found directly after the statement, in smaller type, enclosed 
in br^kets. 

Prop. , I. Theorem 
If two straight lines intersect, the vertical angles are equal. 





Draw intersecting str. lines AB and CD forming vertical A a and c, 
and also 6 and d. We then have : 

Given intersecting str. lines AB and CD, forming vertical 
A a and c, and also h and d. 

To Prove /.a= /.c and Z 6 = Z c?. 

Proof. 1. Za + Z & = 180^ 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. A.'\ (§ 17) 

2. Also, Z6 4-Zc = 180^ 

3. Then, Z.a + Z.h = Z.h-^Z.c, 

[Things which are equal to the same thing, or to equal things, are 
equal to each other.] (Ax. 1) 

4. Subtracting Z h from the equals Z.a + /.h and Z 6 -|- Z c, 

Z.a = Z.c, 

[If equals be subtracted from equals, tbe remainders will be equal.] 

(Ax. 3) 

5. In like manner, Z.h=^Z.d, 

45. The enunciation of every theorem consists essentially 
of two parts : the Hypothesis, and the Conclusion, 
Thus, we may enunciate Prop. I as follows : 
Hypothesis. If two straight lines intersect. 
Conclusion. The vertical angles are equal. 
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UaJsA Prop. II. Theorem 

Jto. Two triangles are equal when two sides and the included 
angle of one are equal respectively to two sides and the included 
angle of the other, 

,G 

-/ 

D4 ' ■ ^ E 

Draw any A ABC : draw line DE equal to AB : construct Z EDG 
Kpial to Z^, theSconstructed side being DG : on DG take DF equal to 
AC : draw line FE. We now have : 

Given, in A ABO and DEF, 

AB=DE, AC=DF, andZ^ = ZD. 

To Prove A ABC = A DEF. 

Proof. 1. Superpose A ABC upon A DEF in such a way 
bat Z. A shall coincide with its equal Z D ; side AB falling 
m side DE, and side AC on side DF. 

2. Since AB = DE, point B will fall on point E. 

3.' Since AC= DF, point (7 will fall ,on point F. 

4. Then, side BC will fall on side EF 

[But one str. line can be drawn between two points.] (Ax. 6) 

5. Therefore, the A coincide throughout, and are equal. 

47. Since ABC and DEF coincide throughout, we have 

ZB = ZE, ZC=ZDFE,B.ndBC=^EF. 

48. Note. In equal figures, lines or angles which are simi- 
Krly placed are called homologous. 

Thus, in the figure of Prop. II, ZA is homologous to Z i> ; 
IB is homologous to DE ; etc. 
It follows from the above that 
In equal figures, the homologous parts are equal. 
In equal triangles, the equal skies lie opposite the equal angles. 
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Ex. 7. If, in triangles ABD and BCD, sides 
AB and BD and angle ABD are equal respec- 
tively to sides CD, BD, and angle BDC, what 
other sides and angles of the triangles are equal ? 



Prop. III. Theorem 




) 49. Two triangles are equal when a side and two adjaom 
'angles of one are equal respectively to a side and two adJ4iom 
angles of the other. 







/ V 



X 



DjU 



K 



s 



Draw any A ABC : draw line DE equal to AB : at D construct Z, 
equal to /.A: at JF construct Z DEH equal to Z B, Let F be poi 
intersection of DQ and EH. V(e now have : 

Given, in A ABC and DEF, 

_, AB=^DE,ZA==ZD,B.ndZB=::ZE. 
To Prove AABC=ADEF, 



►5f 



* « 



Proof. 1. Superpose A ABC upon A DEF in such b^w^ 
that side AB shall coincide with its equal DE, point ^ fill- 
ing |0n point Dj and point -B on point E. . 

2. Since Z ^ = Z Z>, side ^4(7 will fall on side DF^, mi 
point C will fall somewhere on DF. 

3. Since ZB^ZE, side -BC will fall on side EF, and pofct 
C will fall somewhere on EF, 

4. Since point (7 falls at the same time on DF and EF^l 
must fall at their intersection, F. 

5. Then, the A coincide throughout and are equal. 
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Ez. 8. What other sides and an^es in the triangles 
of Prop, ni are equal ? 

Ex. 9. If, in triangles ABD and BCD^ side BD 
and angles ABD and ADB are equal respectively to 
side BD and angles CBD apd CDB^ what other sides 
and angles of the triangles are equal ? 



V 




Pbop. IV. Theorem 



50. In an isosceles triangle, the angles opposite the equal sides 
are equal. 




Draw line AB. With any radius greater than J AB and with Ass a 
centre draw an arc ; with the same radius and ^ as a centre draw an arc 
intersecting the first arc at C; draw lines AC{b) and BC(a)* We then 
have : 

Given a and b, the equal sides of isosceles A ABC, 

To Prove ZA = ZB, 

Proof. 1. Draw str. line CD bisecting Z ACB, meeting AB 
ati>. 

2. In A ACD and BCD, CD = CD, 

3. By hyp., a = 6, and Z ACD = Z BCD, 

4. Then, A ACD ^ A BCD, 

[Two A are equal when the two sides and the included Z of one are 
equal respectively to two sides and the included Z of the other.] (§ 46) 

5. Then, ZA = ZB. 

[In equal figures, the homologous parts are equal.] (§ 48) 

61. It follows from the preceding that 
An equilateral triangle is also equiangular. 
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A-jK 



Prop. V. Theorem 

52. Two triangles are equal when the three sides of one are 
equal respectively to the three sides of the other, 

C F. 





Draw any A ABC^ making AB the 
longest side : construct A DEF^ having 
side DE = AB, side DF = AC, and side 
-'>' EF=BC(% 31). We then have : 

Given in A ABC and DEF, AB=^DE, BO=EF, and 
AC==DR 

. To Prove AABCr=ADEF, 

Proof. 1. Let AB be longest side of A ABC\ and place 
A DEF in position ABF', side DE coinciding with its equal 
AB, and vertex F falling at F\ on the opposite side of AB 
from (7. 

2. Draw line CF', and represent A ACF\ BCF', AF'C, and 
BF'C by a, b, c, and d, respectively. 

3. Since AC = AF', Za=^Zc. 
[In an isosceles A, the A opposite the equal sides are equal.] 

4. ^ince BC=BF',Zb = Zd. 

5. Adding (1) and (2), 

Za + Zb = Zc + Zd', or Z ACB = Z AF'B. 

6. Since sides AC and BC and Z ACB, of A ABC, are equal, 
respectively, to sides AF' and BF' and Z AF'B, of A ABF', 

A ^B(7 = A ABF^. 
[Two A are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ 46) 

7. That is, A ABC = A DEF. 



(1) 
(§51) 

(2j 
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53. Note. We may now see the reason for the construction 
given in § 28.. We know that the triangle whose vertices are 
the points B, Oy and H has its sides respectively equal to those 
of the triangle whose vertices are the points Ey K, and L, 

Then, the triangles are equal by § 52, and the homologous 
angles B and E are equal. 

, * rJ Prop. VI. Theorem 

KHZ 

V>/54. If a perpendicular be erected at the middle point of a 

straight line, 

I. Any point in the perpendicular is equally distant fi'om the 

extremities of the line. 

II. Any point without the perpendicular is unequally distant 

from the extremities of the line. 




At the middle point D of any line AB erect a ±2>(7. From E^ any 
point in DC, draw lines to A and B, We now have : 

1. Oiven line CD ± to line AB at its middle point D, E 
any point in CD, and lines AE (a) and BE (6). 

To Prove a = 6. 

Proof. 1. In A ADE ajid BDE, DE = DE. 

2. By hyp., AD = DB, 

3. Also, Z ADE = Z BDE. 

[All rt. A are equal.] (§ 16^ 
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4. Then, 



A ADE = A BDE, 



[Two A are equal when two sides and the included Z of one are equal 

(§ 46) 



respectively to two sides and the included Z of the other.] 

5. Then, a = b, 

[In equal figures, the homologous parts are equaL] 



(J 48) 





Draw line AB. At 2>, the middle point of AB, draw DC ± AB. 
From Fj any point without CD^ draw lines FA and FB, We then 
have : 

II. Given line CD ± to line AB at its middle point D, F 
any point without CD, and lines AF and BF. 

To Prove AF and BF unequal. 

Proof. 1. Let AF intersect CD at E, and draw line BE. 

2. We have BE + EF > BF, 

[A str. line is the shortest line between two points.] (Ax. 7) 

3. But, BE = AE. 

[If a X be erected at the middle point of a str. line, any point in the 
J_ is equally distant from the extremities of the line.] (§ 64, 1) 

4. Substituting for BE its equal AE, 

AE + J^F> BF, or AF> BF. 

55. It follows from Prop. VI that evet-y point which is equally 

distant from the extremities of a straight line, lies in the perpen- 
rficular erected at the middle 2^0 int of the line. 
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56. A straight line is determined by any two of its points 
(§ 35) ; whence, 

Two points, each equally distant from the extremities of a straight 
linSy determine a perpendicular to that line aJt its middle point, 

57. From the equal triangles ADE and BDE^ in the figure 
of § 54, 1, 

ZAEDz=./.BED', 

since homologous parts of equal figures are equal. 

Then, if lines he drawn to the extremities of a straight line 
fro'tn any point in the perpendicular erected at its middle point, 
they make equal angles with the perpendicular, 

58. We may now see the reasons for the constructions given 
in §§ 24, 25, 2Q, and 27. 

In § 24, by construction, points C and F are each equally 
distant from points D and E ; and CF is perpendicular to AB 
by § ^Q, 

In § 26, points C and F are each equally distant from points 
D and E ; and in § 26, points C and D are each equally distant 
from points A and B, 

In § 27, points O and E are each equally distant from points 
C and D ; then, OE is perpendicular to straight line CD at its 
middle point (§ 56), and Z AGE = Z BOE by § 57. 




Zbc 10. If in triangles ABD and BCD, sides 
ABy BDt and AD are equal, respectively, to sides 
C2>, BD, and BC, what angles of the triangles 
are equal ? A 

'Ex.. 11. Two lines of unequal length bisect each other at right angles. 
Show that any point in either line is equidistant from the extremities of 
the other. (§ 64.) 

Ez. 12. If lines be drawn from the extremities of a straight line to 
any point in the perpendicular erected at its middle point, they make 
equal angles with the line, (figure of § 64, I. Use § 48.) 
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v^ _ Prop. VII. Theorem 

' 59. From a given point without a straight line, hut one perpen 
dicular can he dratvn to the line. 

(It follows from § 25 that, from a given point without a straight line, a 
perpendicular can be drawn to the line.) 



From point C without line AB, draw CD J. AB (§ 25) . We then have : 
Qxxen point without line AB, and line CD ± AB. 
Te Pgove CD the only ± which can be drawn from C to AE 
Proof. X' If possible, let CE be another ± from C to AB, 
i. Extend CD to C, making CD = CD, and draw line EC\ 
represent Z CJ^^Z) by a, and Z Cj&Z) by h, Ul "^ -^ / 

2. Since ED is ± CC at its middle point D/^ a =;^ &.^' 

[If-tfiT C 8 bo draw n to the^xtremities of a str. line from any point i» the 
J. erected at its middle point, they make equal A with the JL] (§ ^7) 

^ By hyp., Z a is a rt. Z. 

B, Then, Z 6 is a rt. Z, and Za-^ Z.h = two rt. A 

if. Then line C^C is a str. line. ^ c- - ' ^ 

• - /Oi_ 'vx C t *'"* . ' ■ -\ ^^ - V Z^ 

[If. the snm o f t wo-iKO^.-^A i» equal to twaft. A^ their ext_Sijifis lie in 

-die wtmestr. line.] — (§20) 

/, This is impossible, for, by cons., CDC is a str. line. 
TBut one str. line can be drawn between two points.] (Ax 6.] 
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8. Hence, CE cannot be ± AB, and CD is the only ± that 
be drawn. 

Ibc. 13. If AB^ AC J and DB, DC are the equal sides of two unequal 
isosceles triangles ABC^ DBC, having common side J? (7, the line joining 
A and D bisects BG, r >- / 

■ 'h '^ / 

Prop. VIII. Theorem 



M,. 



60. Two right triangles are ^gsoeU when the hypotenuse and an 
ij^jacent angle of one are equal respectively to the hypotenuse and 
an adjacent angle of the other. 





Draw any A ABC, right angled at (7; draw line DE = AB ; construct 
2iD = ZA; draw line EF ± DG, We now have : 

(i^^jlb rt. A ABC and DEF, 

hypotenuse AB (>() = hypotenuse DE (JJ), 
and ZA==ZD, ' 

t6*5^ A ABC = A DEE 

Proof. 1. Denote BC b^^ AC hy^ EF by-^^ and DF by^ 

2. Superpose A ABC upon A DEF in such a way that 
hypotenuse >^ shall coincide with its equal Y; vertex A falling 
on vertex D, and vertex B on vertex E. 

3. Since ZA = ZD, side 6 will fall on side e^^ 

4. Then, side a will fall on side d, 

[From a given point without a str. line, but one ± can be drawn to the 
line.] (§ 69) 

5. Therefore, the A coincide throughout, and are equal. 
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Pbop. IX. Theorem 

\ /SI, Two right triangles are o^umi ivhen the hypotenuse and a leg 
of one are equal respectively to the hypotenuse and a leg of the ot?ier*\ 

B ^ 







G^— ^ 



Draw any A ABC, right angled at C; draw line EF= BC; construo 
rt. Z EFG ; with E as centre and AB as radius describe an arc inter 
ing i%at D \ draw line DE. We now have : 

u( ' ' ' > ♦ 

(»i¥ea,. In rt. A ABO and DBF, 

hypotenuse AB = hypotenuse DE, and BC= EF, 

T«-5rov6 A ABC = A DEF. 

Proof. 'S Place A DEF in position BCD^ ; vertex E f allinj 
at B, F at C, and D at D\ on opposite side of BG from ^. 

1 Since ACB and ^CZ)' are rt. A, ACU is a str. 4i»e.-^ 

[If tlifi_sum -of^-two adj* ^is eaual. to twojt^A thp.ir..^^^ -.^-^ -.» 
the same 6tr, l i n e. J 



"^ Then, A ABD\\s isosceles, and /.A = ZD[.. 
[In an leosceles A, tb# ^ opposite' the equal side's are equaf.] 



(§i 



A ABO = A BCD'. 



4: Then, 

[Two rt. A are equal when the hypotenuse and an adj. Z of one 
equal respectively to the hypotenuse and an aidj. Z of the other.] (§ OOJ 

5. That is, AABC=ADEF. 

Prop. X. Theorem 

62. Any side of a triangle is greater than the difference' of th 
other two sides. 

Draw A ABC with side BO side AC We now have : 
Oiven AB, any side of A ABC, and BC > AC. 
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To Prove AB>BC-' AC. 

Proof. 1. We have u45 + ^C > 5(7. 

[A str. line is the shortest line between two points.] (Ax. 7) 

2. Subtracting AC from both members of the inequality, 
AB>BC-AC 
f) - 






Prop. "XI. Theorem 



Tlie sum of any two sides of a triangle is greater than the 
suwrofthe lines drawn from any point within the triangle to the 
extremities of the remaining side. 




Draw A ABC. From D any point within the A draw lines DO and 
DB, Represent AC, AB, DC, and DB by 6, c, d, and e, respectively. 
We then have : 

Oiven d and e lines drawn from any point D within A ABC 
to the extremities of side BC 

To Prove 6 + c >c2 + e. 

Proof. 1. Extend J5Z) to meet J.(7 at JS^. 

2. We have c -h AE > e '\- DE, (1) 

[A str. line is the shortest line between two points.] (Ax. 7) 

3. For same reason, CE + DE > d, (2) 

4. Adding inequalities (1) and (2), and observing that 
AE+CE = h,vfQ have 

h'{-c + DE>d + e + DE. 

6. Subtracting DE from both members of the inequality, 

6 4- c> d 4- «. 
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Ez. 14. Given one side of a triangle, and the perpendicular drawn to 
it from the vertex of the opposite angle, to construct the triangle. Can 
more than one such triangle be drawn ? 

Ex. 15. There are six elements in every triangle, — three sides and 
three angles. How many of these elements and what elements are needed 
that only one definite triangle can be constructed ? 

Ez. 16. Triangles are to be formed by choosing any three lines from y 
six given lines whose lengths are 2, 3, 4, 5, 6, 7 inches, respectively. How- 
many triangles can you form and what kind of triangles are they ? 




J .. Prop. XII. Theorem 

64. If oblique lines be drawn from a point to a straight line, 
I. Two oblique lines cutting off equal distances from the foot 
of the perpendicular from the point to the line are equal, 

II. Of two oblique lines cutting off unequal distances from the 
foot of the perpendicular from the point to the line^ the more 
remote is the greater, 

C 




A^K D F'B 



I. FronL.anj point C without lin^ AB^ draw CD ± AJS {% 2&)j tf*r 
line Ji'I) ^DTSiTid draw lines CE (a) and CF (b). We then have : 

I. Oi ren pD ± from point C to line AB ; and lines a and b 
cutting^ff 6qual distances from the foot of CD^ 

To Provr a = 6. 

Proof. Since CD is ± EF at its middle point D, a = b. 

[If a ± be erected at the middle jpoint of a str. line, any point in the i. 
is equally distant from the c« tromi - t > kj s of the line.] (§ 54) 
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n. Construct the figure in accordance with the statement. We then 
have : 

II. Given CD the JL from point C to line ^5; and CE (a) 
and CF (b) oblique lines from C to AB, cutting off unequal 
distances from the foot of CD j a being the more remote. 

To Prove a > 6. 

Proof. 1. Produce CD to C", making CD = CD, and draw 
lines CE (c) and CF (d), 

2. Since by cons., AD is ± CC at its middle point D, 

a = c, and b ^ d, 

[If a ± be erected at the middle point of a str. line, any point in the ± 
is equally distant from the extremities of the line.] (§ 54) 



3. feut 



a + c>b + d. 



[The sum of any two sides of a A is > the sum of the lines drawn from 
any i)oint within the A to the extremities of the remaining side.] (§ 63) 

4. Substituting for c and d their equals a and 6, respectively, 

2 a > 2 6. 

5. Dividing by 2, a > b. 

Note. The theorem holds equally if CE is on the opposite side of CD 
from CF. 

"Ex. 17. Two sides of a trianjijle are 8 inches and 10 inches, respec- 
tively. Between what limits must the third side lie ? ^ 
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'*- Pbop. XIII. Theobem 

y{y^. If oblique lines he draum from a point to a straight linej 

I. Two equal oblique lines cut off equal distances from the 
foot of the perpendicular from the point to the line, 

Jt Of two unequal oblique lines^ the greater cuts off the greater 
distance from the foot of the perpendicular from the point to the 
line, 

I. Draw line AB and take C any point without AB, Draw line CJD 
X AB, With G as centre and radius greater than CD describe arc inter- 
secting AD at E^ and BD at F\ draw lines CE (a) and GF (6). We 
then have : 

1. Oiven CD ± from point C to line AB^ and a and h equal 
oblique lines from C to AB, 

To Prove ED = DF. 

Proof. 1. In rt. A CDE and CDF, CD = CD. 

2. By hyp., a = 6. 

3. Then, A CDE == A CDF. 

[Two rt. ^ are equal when the hypotenuse and a leg of one are equal 
respectively to the hypotenuse and a leg of the other.] (§ 61) 

4. Then, DE ^ DF. 

[In equal figures, the homologous parts are equal.] (§ 48) 

II. Draw line AB and take G any point without AB, Draw line CD 

A. AB; draw lines GE (a) and CF (6) intersecting AD at E and F, 

respectively, making a > 6. We then have : 

11. Oiven CD the ± from point C to line AB ; and a and b 
unequal oblique lines from C to AB, a being > b. 

To Prove DE > DF. 

Proof. 1. We know that DE is either < , = , or > DF. 

2. If we suppose DE < DF, a would be < b. 

[If oblique lines be drawn from a point to a str. line, of two oblique 
lines cutting off unequal distances from the foot of the ± from the point 
to the line, the more remote is the greater.] (§ 64) 
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3. But this is contrary to the hypothesis that a is > 6 ; then 
DE cannot be < DF, 

4. If we suppose DE = DF^ a would be = 6. 

[If obliqae lines be drawn from a point to a str. line, two oblique lines 
cutting off equal distances from the foot of the JL from the point to the 
line are equal.] (§ 64) 

5. This is contrary to the hypothesis that a is > 6 ; then 
DE cannot be = DF. 

6. If DE cannot be < DFy nor = DFy we must have 

.^n^- DE>DF. ^ 



Gg. Note I. The method of proof used in Prop. XIII is 
called the Indirect Method, or the Beductio ad ahsurdum. 

We prove a proposition by making every possible supposition 
in regard to it ; and showing that, in every case except the one 
we wish to prove, the supposition leads to something contrary 
to the hypothesis. 

67. Note n. We may state Prop. XII, I, as follows : 

Hypothesis. If two oblique lines be drawn from a point to a 
straight line, cutting off equal distances from the foot of the 
perpendicular from the point to the line, 

Conclusion. They are equal. 

Again, we may state Prop. XIII, I, 

Hypothesis. If two equal oblique lines be drawn from a 
point to a straight line. 

Conclusion. They cut off equal distances from the foot of 
the perpendicular from the point to the line. 

We call one proposition the conTerte of another when the 
hypothesis and conclusion of the first are, respectively, the 
conclusion and hypothesis of the second. 

It follows from the above that Prop. XIII, I, is the converse 
of Prop. XII, I. 

Prop. XIII, II, is the converse of Prop. XII, 11 ; also § 20 is the con- 
verse of § 17. 
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PARALLEL LINES . 

68. Def. Two straight lines are said to he parallel (II) when 

they lie in the same plane, and cannot meet how- A B 

ever far they may be produced ; as AB and CD. C D 

69. Ax. We assume that but one straight line can be drawn 
through a given point parallel to a given straight line, 

I i"^ ' Tbop. XIV. Theobem 



l^(S. 



70. Two perpendiculars to the same straight line are parallel. 
Draw a line EG ; at points A and O, respectively ^^ on EG, draw lines 

AB and CD ± EG. We now have : f ,v 

Oiven lines AB and CD ± to line AC. cj j) 
To Prove AB II CD. ^ 

Proof. 1. If AB and CD are not II, they will meet in some 
point if sufficiently produced (§ 68). 

2. We should then have two _k from this point to AC, which 
is impossible. 

[From a given point without a str. line, but one ± can be drawn to the 
line.] (§ 59) 

3. Therefore, AB and CD cannot meet, and are II. 

c 'Jj 

Prop. XV. Theorem *' r- — ^'3 

71. Two straight lines parallel to the same straight line an 
parallel to each other. 

Draw line EF. Draw lines AB and CD II to EF (§ 70) . We then have : 
Given lines AB and CD II to line EF. 
To Prove AB 11 CD. 

Proof. 1. If AB and CD are not II, they will meet in some 
point if sufficiently produced. (§ 68) 

2. We should then have two lines drawn through this 
point II to EF, which is impossible. 

[Bnt one str. line can be drawn through a given point II to a given 
str. line.] (§ 69) 

3. Therefore, AB and CD cannot meet, and are II. 



^ 



1 



/ 
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Prop. XVI. Theorem 
72. A straight, line perpendicxdar to one of two parallels is 
perpendicular to the other. 



/ 



Draw line AB \\ CD (§ 70) ; draw line AC 1. AB. We then have : 
Given lines AB and CD II, and line ACJLAB. 
To Prove ACJLCD. ■ 

Proof. 1. If CD is not ± AC, let line CE be ± AC. 
' 2. Then since AB and CE are ± ^(7, CTE II AB. 
[Two _b to the same str. line are II. ] (§ 70) 

3. But by hyp., CD II AB. 
4. ' Then, CE must coincide with CD. 

[But one str. line can be drawn through a given point II to a given 
str. line.] (§ 69) 

5. Now by cons., AC ± CE. ' 

6. Then since CE coincides witji CD, we have AC ± CD. 

~yj\/^ 0-v -^ ^^ ^ DEFINITIONS 

73. An exterior angle of a triangle is 
the angle at any vertex formed by any 
side of ^he triangle and the adjacent 
side produced ; as ACD. 

If any side of a triangle be taken and b C S 

called the hose, we define the corresponding altitude as the 
perpendicular drawn from the opposite vertex to the base, 
produced if necessary. 

In general, any side may be taken as the base ; but in an 
isosceles triangle, unless otherwise specified, the side which is 
not one of the equal sides is taken as the base. 

When any side has been taken as the base, we call the 
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opposite angle the vertical angle, and its 
vertex the vertex of the triangle. 

Thus, in triangle ABO, BC is the base, 
AD the altitude, and B AC the vertical angle. 

74. If two straight lines, AB and CD, 
are cut by a line EF, called a transversal, 
the angles are named as follows : 

c, d, e, and /are called intenor angles, 
and a, b, g, and h exterior angles. 

c and /, or d and e, are called aUemate- 
interior angles. 

a and h, or h and g, are called alternate- 
exterior angles. 

a and e, b and f, c and g, or d and ^ 
' are called corresponding angles. 





. Prop. XVII. Theorem 

J yyS. If two parallels are cut by a transversal, the alternate' 
.interior angles are equal. 

Draw line AB li CD (§ 70). Draw any line EF (not ± AB) inter- 
secting AB and CD at G and H, respectively. We then have : 

Given lU AB and CD cut by transversal ^i^ at points G and 
^, respectively, forming alt. int. A AOH (a) and OHD (c), 
also BGII (b) and CilG^ (d). 

To Prove Z a = Z c, and Zb = Zd, 

Proof. 1. Through ^, the middle point of GH, draw a line 
± ^5, meeting AB at i, and CD at 3/. 

2. Then, LM±CD. 

[A str. line ± to one of two lis is _L to the other.] (§ 72) 

3. In rt. A GKL and HKM, by cons., 

hypotenuse GK=^ hypotenuse HK» 

4. Also, Z G^Jn> = Z fi^^Jf. 
[If two str. lines intersect, the vertical A are equal.] (§ 41 
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6. Then A GKL=^ A HKM, 

[Two rt. i^ are equal when the hypotenuse and an adj. /. of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 60) 

6. Then, Z.a = Z.c, 

[In equal figures, the homologous parts are equal.] (§ 48) 

7. Again, Z a is the supplement of Z 6, and Z c of Z d 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. AJ] (§ 17) 

8. Then, since Z a = /. c^^q have A})=: Ad. 

[The supplements of equal A are equal.] (§ 41) 

^^6. We have Z.a = /. BGE, (Fig. of Prop. XVII.) 

[If two str. lines intersect, the vertical A are equal.] (§ 44) 

Then, since Z.a = Z.c,we have Z BGE = Z c, 

[Things which are equal to the same thing are equal to each other. ] 

(Ax.1) 
In like manner, 

^ ZAQE^Zd, ZCHF=:Za,8indZDHF=Zb. 
That is, if tioo parallels are cut by a transversal^ the correspond- 
ing angles are equal. 

T7. We have Z a + Z 6 = two rt. A. (Fig. of Prop. XVII.) 

[If two adj. A have their ext. sides in the same str. line, their sum is 

equal to two rt. AS] (§ 17) 

Putting for Z h its equal Z d, we have 

Za-\'Zd=^ two rt. A. 
In like manner, Zh-\-Zc = two rt. A. 
That is, if two parallels are cut by a transversal, the sum of 
the interior angles on the same side of the transversal is equal to 

two right angles. . jf 

' \ * 

Ex. 18. A line AB intersects line XY at \ \ ^Y 

O, and through any line MN is drawn ; if . 
through points C and D on AB equidistant 
from O, parallels to MN be drawn, the tri- 
angles formed are equal. 
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\ xP J^ I'ROp. XVIII. Theorem 

1 '^ 73, (Converse of Prop. XVII.) If two straight lines are cut 
I Joy a transversal, and the alternate-interior angles are equal, the 
two lines are paralleL 




Draw line AB, Draw line EF cutting AB at O. Through any x)oint 
JT, in EFj draw line CD making Z GHD (c) equal ZAGH (joi). We 
then have : 



Given lines AB and CD cut by transversal EF at points 
O and H, respectively, and 

Z.a ^ Ac, 
To Prove AB II CD. 

Proof. 1. If CD is not II AB, draw line KL through ^11 AB. 

2. Then since lis AB and KL are cut by transversal EF^ 

Aa^AGHL. 
[If two lis are cut by a transversal, the alt int. A are equal] (§ 75) 

3. But by hyp., /.a = Ac, 

4. Then, AQHL^Ac, 

[Things which are equal to the same thing are equal to each other.] 

(Ax.1) 

5. But this is impossible unless KL coincides with CD. 

6. Then, CDWAB, 

In like manner it may be proved that if AB and CI) are cut by EF.^ 
BGH = Z CHQ, then AB II CD, ^ . , 
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79. (Converse of § 76.) If two straight lines are cut by a 
transversal, and the corresponding angles are equal, the two lines 
are paraUeL 

Suppose Za = ZCHR (Fig. of Prop. XVIII.) 

Now, Ac = ACHF. 

[If two sir. lines intersect, the vertical A are equal.] (§ 44) 

Then, Aa=iAc, 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 
. Then, by § 78, AB \\ CD, 

In like manner we may prove that if 

ZBGE-Z.C, or AAGE^/L CHG, or /.BGH^ADHF, 

then, ABWCD. 

80. (Converse of § 77.) If two straight lines are cut by a 
trcmsversal, and the sum of the interior angles on the same side 
of the transversal is equai to two right angles, the two lines are 
parallel. 

Suppose 

Z BGH + Z c = two rt. A. (Fig. of Prop. XVIII.) 

Then, both Aa and Z c are supplements of Z BOH, 

and Aa= Z.C, 

[The supplements of equal A are equal.] (§ 41) 

Then, by § 78, AB II CD, 

In like manner it may be proved that if 

Za + Z CHG - two rt. A, then, ABW CD, 

Bx. 19. If two parallels are cut by a transversal, the alternate exte- 
rior angles are equal. 

Bx. 20. If two straight lines are cut by a transversal, and the 
alternate-exterior angles are equal, the two lines are parallel. 
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Prop. XIX. Theorem 
81. Two angles whose sides are parallel, each to each, are 
equal if both pairs of parallel sides extend in the same direction, 
or in opposite directions, from their vertices. 




Draw lines AB and BC II to lines DH and KF, respectively, intersect- 
ing at E. We then have : 

Oiven Z DEF (a), with its sides II to and extending in the 
same direction as those of Z.B, and Z.HEK (b), with its sides 
II to and extending in the opposite direction to those of Z B, 

To Prove Z J5 = Z a,- and Z J5 = Z 6. 

Proof. 1. Let BC and D-ff intersect at O] denote Z2>(?C 
bye. 

2. Since lis AB and DE are cut by BC, 

. Z.B = /Lc, 
[If two lis are cut by a transversal, the corresp. A are equal.] (§ 76) 

3. Tor same reason, since lis BC and EF are cut by DE, 

Ac^Aa, 

4. Then, AB^Za. 

[Things which are equal to the same thing are equal to each other.] 

5. Again, Z.a=^Z.b, 

[If two str. lines intersect, the vertical A are equal.] (§ 44) 

6. Then, AB^AK 

[Things which are equal to the same thing are equakto each other.] 

^ (Ax. 1) 

Note. The sides extend in the same direction if they are on the 9amt 
side of a straight line joining the vertices, and in opposite directions if 
they are on opposite sides of this line. 
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82. We have Za the supplement of Z/)^/r. (Fig. of Prop. XIX.) 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. zi.] (§ 17) 

Then its equal, Z J5, is the supplement of Z DEK. 

That is, two angles whose sides are parallel, each to each, are 
supplementary if one pair of parallel sides extend in the same 
direction, and the other pair in opposite directions, from their 
vertices. 

Prop. XX. Theorem 

83. Two angles whose sides are perpendicular, each to each, 
are either equal or supplementary. 



?i^ C 




B 
Draw line FG ; also, line DE meet- 
ing FQ at E, Draw lines AB and BG 
X to lines DE and FQ^ respectively. 
We then have : 

Given A DEF (a) , DEO (6) ; DE ± AB, and FG ± BG. 
To Prove Z B equal to Z a, and supplementary to Z h. 
Proof. 1. Draw line EH A^ DE, and line EK±EF', 
denote Z HEK by c. 

2. Since EH and AB are ± DE, EH II AB. 

[Two _b to the same str. line are II.] (§ 70) 

3. Since EK and BG are J. FG, EKW BG. 

4. Then, Zc = Z J5. 

[Two A whose sides are II, each to each, are equal if both pairs of II 
sides extend in the same direction from their vertices.] (§81) 

5. Since, by cons., A DEH B.nd FEK^xe rt. A, each of the 
A a and c is the complement of Z FEH, 

6. Then, Za = Zc. 

[The complements of equal A are equal.] (§ 41) 
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7. Then, ZB = Za. 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 

8. Again, Z a is the supplement of Z6. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 17) 

9. Then, its equal, Z B, is the supplement of Z 6. 

Note. The angles are equal if they are both acute or both obtuse ; 
and supplementary if one is acute and the other obtuse. 

r 

r r A * Prop. XXI. Theorem 

^ \ 84^ The sum of the angles of any tnangle is equal to two right 



angles. b 



V 




A 

Given A ABC. 
To Prove Z ^ + Z J5 4-Z 0= two rt. A 

Proof. 1. Extend AC to D, and draw line CE II AB\ 
represent Z BCD by a, and Z BCE by h. 

2. We have Za-\-Zh-\-Z ACB = two rt. A (1) 

[The sum of all the A on the same side of a str. line at a given point is 
equal to two rt. A."] (§ 18) 

3. Since lis AB and CE are cut by AD, 

Za = ZA. 
[If two lU are cut by a transversal, the corresp. A are equal.] (§ 76) 

4. Since lis AB and CE are cut by BC, 

Zb = ZB. 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 75) 

5. Substituting in (1) Z ^4. f or Z a and Z B for Z b, 

ZA-{-ZB-{-ZACB=twovtA. 
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85. We have, from § 84, ZBCD = Z.a + Zb = Z.A-i-ZB, 
J^ Hence, an exterior angle of a triangle is equal to the sum of 
the two opposite interior angles, 

^' The following are immediate consequences of §§ 84, 85 : 
i^N— 86. An exterior angle of a triangle is greater than either of the 
^ opposite interior angles, 

87. If two triangles have two angles of one equal, respectively, 
to two angles of the other, the third angle of the first is equal to 
the third angle of the second. 

88. A tnangle cannot have two nght angles, nor two obtuse 
angles, 

89. Two right triangles are equal when a leg and an acute 
angle of one are equal, respectively, to a leg and the homologous 
OA^ute angle of the other. For the remaining acute angles are 
equal by § 87, and the triangles are equal by § 46. 

TiX. 21. Can a triangle be formed whose angles are 35°, 65°, and 55°, 
respectively ? 85°, 50°, and 75° ? 50°, 76°, and 55° ? 45° 11/ 20'', 
61° 52' 48", and 72° 55' 52'' ? 

Ibc. 22. The sum of one of the base angles of an isosceles triangle 
and the vertical angle equals 140° ; find the degrees in the exterior angle 
formed by producing one of the equal sides through the vertex. 




lr^90. (Converse of Prop. IV.) If two angles of a triangle are 
^ equal, the sides opposite are^ equal, 
r Draw t:^ABG with Z.A = Z.B. Represent BG by a and AG by h. 

Given, in A ABC, AA = AB, 
To Prove a = &. 

The proof is left to the pupil. Draw line CD±AB, The 
/^AOD and BCD are equal by § 89. 

91. From equal AACD and BCD (Fig. of Prop. XXI^I), 
AD = BD, and Z ACD = Z BCD, ^- 

Hence, the perpendicular from the vertex to the base of an 
isosceles triangle bisects the base and also the vertical angle. 
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Prop. XXIII. Theorem ^v^ 

92. If two sides of a triangle cere unequal, the angles opposite 
are unequal, and the greater angle lies opposite the greater side* 

Draw /^ABC, with BC (a) > AG (6). We then have : 

Oiven A ABC with side a > side h. 

To Prove ZBAO>Z.B. 

Proof. 1. On CB take CD = h, and draw line AD. 

2. In isosceles A ACD, Z. CAD = Z CDA. 

[In an isosceles A the A opposite the equal sides are equal.] (§ 60) 

3. Since CDA is an ext. Z of A ABD, 

ZCDA>Z.B. 
[An ext. ZotQ,Ais> either of the opposite int. A.^ C§ ^) 

4. Then its equal, Z CAD, is >ZB. 

5. Now, Z^BAC is > Z CAD, 

6. Then, Z BAC piust be > Z R ; ' . ^ 

. /"^ ' Prop. XXIV. Theorem 

yds. (Converse of Prop. XXIII.) If two angles of a triangle 

y^re unequal, the sides opposite are unequal, and the greater side 
lies ojyposite the greater angle, ~ • ' » 




Draw A ABC having Z BA C> /.B. We then have : 
Given, in A ABC, Z BAC >ZB, 
To Prove BC(a)>AC(b). 

Proof. 1. Draw line AD making ZBAD=ZB, meeting 
BC at D. 
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/ 
2. In A AB2>, AD = BD, 

[If two zi of a A are equal, the sides opposite are equal.] (§ 90) 

a But CD + AD>b. 

[A str. line is the shortest line between two points.] (Ax. 7) 

4. Putting for AD its equal BD, 

CD-{-BD>b,ova>b. 

The following are immediate consequences of § 93 : 

94. The hypotenuse of a right triangle is its greatest side, 

95. The perpendicular is the shortest line which j^A 
can he drawn from a point to a straight line. 

For, if AC is the ±, and AB any other line, 
from A to CD, AB is the hypotenuse of rt. 
A ABC', and hence is > AC (^ 94). D b a 

ISx. 23. Two isosceles triangles are equal, if their vertical angles and 
their bases are respectively equal. 

Prop. XXV. Theorem 

96. Two parallel lines are everywhere equally distant 

Note. By the distance of a point from a line, we mean the length of 
the perpendicular from the point to the line. 

Draw lines AB and CD II (§ 70). At E and F, any two points in AB, 
draw lines EG and FH ± CD. We then have : 

Given lis AB and CD, and also EG (a), and FH (b) ± CD. 

To Prove a = 6. 

Proof. 1. Draw line FG^. 

2. Wehavett±.£B. 

[A str. line JL to one of two lU is ± to the other.] (§ 72) 

3. Then, in rt. A EFCf and FGU, 

FG=FQ, 
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4. And since lis AB and CD are cut by FG, 

ZEFG=^^FGH, 
[If two lis are cut by a transversal, the alt int. A are equal.] (§ 76) 

5. Then AEFG = AFHG. 

[Two rt. A are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 60) 

6. Then a = 6. 

[In equal figures, the homologous parts are equal.] (§ 48) 

Prop. XXVI. Theorem 

97. If straight lines be drawn from a point within a triangle 
to the extremities of any side, the angle included by them is 
greater than the angle included by the other tioo sides. 




Draw any A ABC ; from any point D within the A draw lines DB ajid 
DC, We then have : 

Oiven D, any point within A ABC ; and lines DB and DC 
forming Z BDC (a). 
To Prove Za>ZA. 

Proof. 1. Extend BD to meet AC at E ; call Z DEC b. 

2. Since a is an ext. Z of A CDE, 

Za>Zb. 
[An ext. Z of a A is > either of the opposite int. A,] (§ 86) 

3. Since b is an ext. Z of A ABEj 

Zb>ZA, 

4. Since Za>Zby and Z ?> > Z ^, we must have 
Za>ZA, 

I 
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Prop. XXVII. Theorem 

96. Any point in the bisector of an angle is equally distant 
from the sides of the angle, 

Ck>nstruct any Z ABC. Draw BD, the bisector of Z ABC; from any 
point P in the bisector, draw lines PM (a) and P2V (^b)±AB and BC, 
resi)ectively. We then have : 

Given P, any point in J5Z), the bisector of Z ABO, and a 
and b lines from P ± AB and BC, respectively. 

To Prove a = 6. 

Proof. 1. In rt. A BPM and BPN, BP = BR 

2. By hyp., ZPBM=:ZPBN, 

3. Then, ABPM=ABPN. 

[Two rt. ^ are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z. of the other.] (§ 60) 

4. Then PM=PN. 

[In equal figures, the homologous parts are equal.] (§ 48) 

Prop. XXVIII. Theorem 

99. (Converse of Prop, XXVII.) Every point which is within 
an angle and equally distant from its sides lies in the bisector of 
the angle. 

M 




N 

Oiven point P within Z ABC, equally distant from sides 
AB and BC, and line BP. 

To Prove Z PBM = Z PBN. 

(Prove A BPM and BPN equal by § 61.) 



44 PLANE GEOMETRY — BOOK I 



I i 



. ly Prop. XXIX. Theorem 

\ JLQO, If two triangles have two sides of one equal respectively 
to two sides of the otlier, hut the included angle of the first greater 
than the included angle of the second, the third side of the first is 
greater than the third side of the second. 





G 

Draw A ABC. Construct Z F<: Z AGB, Draw lines FD (e) and FF 
(d) equal to GA (6) and CB (a), respectively. Draw line DE, We 
then have : 

Given, in A ABC and DUF, & = e, a = c^, and Z ACB > Z F. 

To Prove AB>DE. 

Proof. 1. Place A DEF in position ACQ ; side e coinciding 
with its equal by and vertex E falling at G, 

2. Draw line CiT bisecting Z GCB, meeting AB at H] also, 
line GH. 

3. In A CGH and CBH, 0H= CH. 

4. By hyp., d = a, smd Z GCH == Z BOH. 

5. Then, ACGH=ACBH, 

[Two A are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ 46) 

6. Then, GH=BH. 

[In equal figures, the homologous parts are equal.] (§ 48) 

7. Now, AH+GH>AG. 

[A str. line is the shortest line between two points.] (Ax. 7) 

8. Putting for GH its equal BH, 

AH^ BII > AGy or AB > DE. 
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^J->^ Prop. XXX. Theorem 

' JkOl. (Converse of Prop. XXIX.) If two triangles have 
two sides of one equal respectively to two sides of tlve other, hut 
the third side of the first greater than the third side of the second, 
the included angle of the first is greater than the indvded angle 
of the second. 

a 





Draw A ABC, Draw A DEF making side DF z=i AG, side EF = BC, 
and side DE (/) < AB (c). We then have : 

Given, in A ABC and DEF, AC= DF, BC= EF, and c >/. 

To Prove ZG>ZF. 

Proof. 1. Z (7 must be <, =, or > Z F. 

2. If we suppose ZC = Z.F,A ABC would equal A DEF. 

[Two ^ are equal when two sides and the Included Z of one are equal 
respectively to two sides and the included Z. of the other.] (§ 46) 

3. Then, c would equal /. 

[In equal figures, the homologous parts are equal.] (§ 48) 

4. Again, if we suppose Z.Q<Z.F, c would be < /. 

[If two A have two sides of one equal respectively to two sides of the 
other, but the included Z of the first > the included Z of the second, the 
third side of the first is > the third side of the second.] (§ 100) 

5. Each of these conclusions is contrary to the hypothesis 
that c is > /. 

6. If Z (7 cannot be = Z 2^, nor < Z JF', we must have 

Z C> Z F. 
Ex. 24. ABC is an isosceles triangle. Lines AD and CE, intersecting 
at O, bisect the equal angles A and (7. Prove A AOE = ADOG. 
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Ex. 25. By drawing a line through the vertex of a triangle parallel to 
the base, prove that the sura of the angles of a triangle is equal to two 
right angles. 

Ex. 26. The line which joins the vertex of an isosceles triangle to the 
intersection of the bisectors of the exterior angles at the base is a perpen- 
dicular bisector of the base. 

Ex. 27. If one of the equal sides of an isosceles triangle be extended 
through the vertex, a line through the vertex parallel to the base is a 
bisector of the exterior angle at the vertex. 

Ex. 28. The bisectors of the base angles of an isosceles triangle meet 
in a point and form with the base an isosceles triangle. 

Ex. 29. Through the middle point of one of the equal sides of an 
isosceles triangle a line parallel to the other equal side is drawn to meet 
the base and the bisector of the exterior angle at the vertex. Prove the 
two triangles formed equal. 

Ex. 30. The bisectors of the base angles of an isosceles triangle form 
an angle of 110°. Find its vertical angle. 

Ex. 31. Prove Prop. XXIX when point E falls within triangle ABC. 

Ex. 32. The line which joins the vertex of an isosceles triangle to the 
intersection of the bisectors of the base angles, bisects the vertical angle. 

Ex. 33. The line which bisects the vertical angle of an isosceles tri- 
angle bisects the base at right angles. 

Ex. 34. Is it always possible to find a point in a given line which is 
equidistant from two given intersecting lines ? Is there ever more than 
one such point ? 

QUADRILATERALS 
DEFINITIONS 

102. A quadnlateral is a portion of a plane bounded by four 
straight lines ; as ABCD, 

The bounding lines are called the sides 
of the quadrilateral, and their points of 
intersection the vertices. 

The angles of the quadrilateral are the 
angles formed by the adjacent sides, ABC, 
BCD, etc. 
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A diagonal is a straight line joining two opposite vertices ; 
as AC, 

103. A Trapezium is a quadrilateral no two of whose sides 
are parallel. 

A Trapezoid is a quadrilateral two, and only two, of whose 
sides are parallel. 

A Parallelogram is a quadrilateral whose opposite sides are 
parallel. 



ooz 



Trapezium Trapezoid Parallelogram 

An isosceles trapezoid is a trapezoid whose non-parallel sides 
are equal. 

The bases of a trapezoid are its parallel sides ; the altitude is 
the perpendiculai* distance between them. 

If either pair of parallel sides of a parallelogram be taken 
and called the bases, the altitude corresponding to these bases 
is the perpendicular distance between them. 

A Rhomboid is a parallelogram, whose angles are not right 
angles, and whose adjacent sides are unequal. 

. A Rhombus is a parellelogram whose angles are not right 
angles, and whose adjacent sides are equal. 

A Rectangle is a parallelogram whose angles are right angles. 

A Square is a rectangle whose sides are equal. 



ryn 



Rhomboid Rhombus Rectangle Square 

Ez. 35. Bisect the exterior angles of a given triangle and join the 
vertices of the triangle thus formed to the opposite vertices of the given 
triangle. The lines thus drawn are the altitudes of the triangle formed 
by the bisectors. */'~ 

/ \ 
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/ y^ Prop. XXXI. . Theorem 

/ 104. In any parallelogram, the opposite sides are equal, and 
the opposite angles are equal. 



^ 





T(7 



Draw the figure in accordance with the statement of the preposition. 
We then have : 

Given O ABCD. 

' To Prove 

AB = CD, BC^AD,ZB = ZD, and Z BAD= Z BCD, 

Proof. 1. Draw diagonal AC-, denote A BAC, BCA, ACD, 
and CAD by a, b, c, and d, respectively. 

2. In A ABC and ACD, AC = AC. 

3. Since lis AB and CD are cut by AC, 

Za = Zc, (1) 

[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 75) 

4. Since lis BC and AD are cut by AC, 

Zb = Zd. (2) 

6. Then, AABC=AACD, 

[Two A are equal when a side and two adj. A of one are equal respec- 
tively to a side and two adj . A of the other. ] (§ 49) 

6. Then, AB = CD, BC = AD, and Z 5 = Z 2>. 

[In equal figures, the homologous parts are equal.] (§ 48) 

(Why are AB and CD, and BC and AD, homologous lines ?) 

7. Adding (1) and (2), we have 

Za-{-Zk = Zc-{-Z%ovZBAD = ZBCD. 
The following are consequences of § 104 : 
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105. 1. Parallel lines included between parallel lines are 
equal. 

2. A diagonal of a parallelogram, divides it into two equal 
triangles. -^ 
^ ^^'\\' A Pbop. XXXIL Theorem 

106^ If the opposite sides of a quadrilateral are equal, the 
fig^e is a parallelogram, r 




^r C^o- 




i. 



1 



Draw quadrUateral ABCD having side BG := ADy and side AB = DC, 
We then have : 

Given, in quadrilateral ABCD, AB = CD and BC = AD, 

To Trove ABCD B.O. . 

Proof. 1. Draw diagonal AC', represent ABAC, BCA, 
ACD, and CAD by a, b, c, and d, respectively. 

2. In A ABC Sind ACD, AC = AC. 

3. By hyp., AB = CD and BC = AD. 

4. Then, A ABC = A ACD. 

[Two A are equal when the three sides of one are equal respectively to 
the three sides of the other.] (§ 63) 

5. Then, Za = Zc, and Z & = Z d 

[In equal figures, the homologous parts are equal.] (§ 48) 

6. Since Za = Z.c,AB\\ CD. 

[If two str. lines are cut hy a transversal, and the alt. int. A are equal, 
the two lines are II.] (§ 78) 

7. Since Zb^Zd,BC\\ AD. 

8. Then, by def ., ABCD is a O. 

Ez. 36. The perpendiculars from two opposite vertices of a parallelo- 
gram to a diagonal are equal. 
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p>^ Prof. XXXIII. Theorem 

"^ 107. ijf two sides of a quadrilateral are equal and parallel, the 



figure is a parallelogram. 





Draw line BG = and II to AD, and lines AB and DC. We then have: 
Given, in quadrilateral ABCD, BG equal and II to Aiy. 
To Prove ABCD a O. 

(Prove A ABC and -4(7/) equal by § 46; then, AB =^ CD, 
Compare § lOd) 

' ■ ' Prop. XXXIV. Theorem 
106. The diagonals of a parallelogram bisect each other. 





Draw O ABCD as in § 107 ; and lines AC and BD, We then have : 

Given diagonals AC and BD of CJ ABCD intersecting at E. 

To Prove AE = EC and BE = ED. 

(Prove A ^jEJZ) = A BEC, by § 49.) 

Note. The point E is called the centre of the parallelogram. 



Prop. XXXV. Theorem 



lonal^ of 



109. (Converse of Prop. XXXIII.) If the diagonal^ of a 
quadrilateral bisect each other, thefirjure is a parallelogram. 

Given AC and BD, the diagonals of quadrilateral ABCD^ 
bisecting each other at E* (Fig. of Prop. XXXIV.) 
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To Prove ABGD a O. 

(Prove A AED = A EEC, by § 46 ; then AD^BC)m like 
manner, AB = CD\ then use § 106.) 

^ ' Prop. XXXVI. Theorem 

110. Two parallelograms are equal when two adjacent sides 
and the included angle of -one are equal respectively to two 
adjacent std'.e and the included angle of the other, 

^ ^. f 




Draw [EI ABCD and EFGH'm accordance with the statement of the 
proposition. Let a, b, c, d, represent sides AB, BC, CD, and DA, re- 
spectively ; and c, /, g, h, sides EF, FG, OH, and HE, respectively. 
We then have : 

Given, in HJ ABCD and EFGH, 

a = e, d = A, and Z.A = ZE. 

To Prove O ABCD = O EFGH, 

Proof. 1. Superpose O ABCD upon O EFGH in such a 
way that Z A shall coincide with its equal Z E] side a falling 
on side e, and side d on side h. 

2. Since a = e, point B will fall on point F. 

3. Since d = h, point D will fall on point H. 

4. Since h I! d, and / II A, side 6 will fall on side f and point 
C will fall somewhere on/ 

[But one str. line can be drawn through a given point II to a given str. 
line.] (§69) 

6. Since c II a, and g II e, side c will fall on side g, and point 
C will fall somewhere on g, 

6. Since C falls on both / and g, it must fall at their inter- 
section, G. 

7. Then, the [U coincide throughout, and are equal. 
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The following is an immediate consequence of § 110 : 

111. Two rectangles are equal iftlie hose and altitude of one 
are equal respectively to the base and altitude of the other. 

Prop. XXXVII. Theorem 

112. The diagonals of a rectangle are equxd. 

Draw rectangle ABCD ; draw lines AC and BD, We then have : 

Giyen AC and BD the diagonals of rect. ABCD. 

To Prove AC=BD, 

(Prove rt. A ABD = rt. A ACD, by § 46.) 

The following is an immediate consequence of § 112 : 

113. TJie diagonals of a square are equal. 

Prop. XXXVIII. Theorem 

114. The diagonals of a rhombus bisect each other aJL riglU 
angles, 

fO 



M 



Given AC and BD the diagonals of rhombus ABCD. 
To Prove that AC and BD bisect each other at rt. A 
(Compare § 56.) ^ 

Ex 37. The lines which join the mi^le points of the opposite sides of 
a i)arallelogram bisect each other. 

Ex. 38. Are the diagonals of a parallelogram ever equal ? 

Ex 39. When do the diagonals of a parallelogram bisect the opposite 
angles .'' *^^ 

, «^f t?'- " P77'"<'"'^.'! "^ ^'^^^ from the extremities of the upper 
base of an .sosceles trapezoid to the h.wer hase, they are equal and cut 
off equal segments from the extremities of the lower base 
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TSx. 41. The lines which join the middle points of the bases of an 
isosceles trapezoid to the middle points of the non-parallel sides form, 
with the sides of the trapezoid, two pairs of equal triangles. 

Ex. 42. If lines be drawn from the middle point of the base of an 
isosceles triangle to the middle points of the equal sides, the triangle is 
divided into two equal triangles and a parallelogram. 




j^^ POLYGONS 
DEFINITIONS 



115. We define a polygon as a portion of a plane bounded by 
three or more straight lines ; as ABODE, 

We call the bounding lines the sides of 
the polygon, and their sum the perimeter. 

The ' angles of the polygon are the 
angles EAB, ABC, etc., formed by the adja- 
cent sides; their vertices are called the 
ve rtices of the polygon. 

A diagonal of a polygon is a straight line joining any two 
vertices which are not consecutive ; as AO, 

116. Polygons are named with reference to the number of 
their sides, as follows : 




No. ow 

SlDBS. 


Designation. 


No. OF 
Sides. 


Designation. 


3 
4 

6 
6 

7 


Triangle. 

Quadrilateral. 

Penmgon. 

He3^agon. 

Heptjagon. 


8 

9 

10 

11 

12 


Oc^on. 

Enniagon. 

Decagon. 

Hendeijagon. 

Dodeaagon. 



117- An equilateral polygon is a polygon all of whose sides 
are equal. 

An equiangular polygon is a polygon all of whose angles are 
equaL 
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118. A polygon is called convex when 
no side, if extended, will enter its surface ; 
as ABODE ; in such a case, each angle of 
the polygon is less than two right angles. 

Every polygon considered hereafter will 
be understood to be convex, unless the 
contrary is stated. 

119. A polygon is called concave when at 
least two of its sides, if extended, will enter 
its surface ; as FGHIK 

In such a case, at least one angle of the 
polygon is greater than two right angles. 

Thus, in polygon FOHIK, the interior angle GHI is greater 
than two right angles ; such an angle is called re-entrant 

120. We call two polygons mutually equilateral when the 
sides of one are equal re- 
spectively to the sides of the _„.. — ^ B^ 
other, when taken in the same ^^ 
order. 

Thus, polygons ABOD and ^^ ^^ 

AB'C'D' are mutually equilateral if 
AB = A'B', BO = B'C, CD = CD\ and DA = D'A. 

121. We call two polygons mutually equiangular when the 
angles of one are equal respec- 
tively to the angles of the 
other, when taken in the same 
order. 

Thus, polygons EFGH and ^ 
E'F'G'H' are mutually equiangular if 

ZA=^ZE,ZB=:ZF,ZC==ZG,s.ndZD=ZH. 

122. In polygons which are mutually equilateral or mutu- 
ally equiangular, sides or angles which are similarly placed 
are called homologous. 
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123. If two polygons are both mutually equilateral and mutu- 
ally equiangular, they are equal. 

For they can evidently be applied one to the other so as to 
coincide throughout. 

124. Two polygons are equal when they are composed of the 
same number of triangles, equal each to each, and similarly 
placed, 

For they can evidently be applied one to the other so as to 
coincide throughout. ^ 

. \ ' . , ; / ,- 

^ \ ^ROP. XXXIX. Theorem 



Tlie sum of the angles of any polygon is equal to two 
riglU angles taken as many times, less two, as the polygon has 
sides. ^' ^^^ 



Draw any polygon. We then have : 
Oiven a polygon of n sides. 

To Prove the sum of its A equal to n — 2 times two rt. A^ 
Trooi. 1. The polygon may be divided into n — 2 A by 
drawing diagonals from one of its vertices. 

2. The sum of the A of the polygon is equal to the sum of 
the A of the A. 

3. Now the sum of the A of each A is two rt. A, 

[The sum of the A of any A is equal to two rt. A."] (§ 84) 

4. Then, the sum of the A of the polygon is n — 2 times 
two rt. A. 

126. We have (n ~ 2) x 2 rt.A equal to 2 n rt. ^i — 4 rt. A, 

Then, the sum of the angles of any polygon equals twice as 

ynany right angles as the polygon has sides, less four right angles. 
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Prop. XL. Theorem 

127. If the sides of any polygon be produced so as to form an 
exterior angle at each vertex, the sum of these exterior angles 
is equal to four right angles. 



Draw a polygon in accordance with the statement of the propoeitioa 
We then have : 

Given a polygon of n sides with its sides extended so as to 
form an ext. Z at each vertex. 

To Prove the sum of the ext. A equal to 4 it. A 

Proof. 1. The sum of the ext. and int. A at each vertex is 
two rt. A \ i ' i ( ' " '< ^■, X \X 

[If two adj. A have their ext. sines in the same str. line, their smn is 
equal to two rt. A-l (§ 17) 

2. Hence, the sum of all the ext. and int. ^ is 2 n rt. A. 

3. But the sum of the int. A alone is 2 ?i rt. ^ — 4 rt. A. 

[The sum of the A of any polygon equals twice as many rt. ^i as the 
polygon has sides, less 4 rt. A.'] I (§ 126) 

4. Whence, the sum of the ext. /4 is 4 rt,, A__y ^^"'ii 

Ex, 43. Eind the sum of the angles of a quadrilateral ; of a pentagon ; 

of a hexff^on ; of an octagon. 

Ex. 44. An exterior angle of an equiangular polygon is one-fifth of 

a right angle. How many sides has the polygon ? 

Ex. 45. How many sides has a polygon each of whose interior angles 
is eight-fifths of a right angle ? 

Ex. 46. The difference between two consecutive angles of a parallelo- 
gram is 75° ; find the angles of the parallelogram. Find the angles when 
this difference is M°. 
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Ex. 47. How many sides has the polygon the sum of whose interior 
angles is 14 right angles ? Find the magnitude of each angle if the poly- 
gon is eqi^i^ugular. 

MISCELLANEOUS THEOREMS 

Prop. XLI. Theorem 

128. If a series of parallels, cutting two straight lines, inter- 
Jcept equal distances on one of these lines, they also intercept equal 
distances on the other. 

4 4\ 




W 




Draw a series of parallels (§ 70). Draw lines AB and A^B^ cutting 
these lis at C, 2>, E, F, and C, D', E', F', respectively. We then have : 

Given lines AB and A'B' cut by lis CO', DD\ EE', and FF' 
at points C, D, E, F, and G\ D', E', F, respectively, so that 

CD =DE =EF. 

To Prove CD' = D'E' = E'F, 

Proof. 1. Draw lines CG, DH, and EK II A'B\ meeting 
DD, EE\ and FF at points G, H, and K, respectively. 

2. In A CDG, DEH, EFK, by hyp., CD=^DE = EF 

3. Again, lines CG, DH, and EKsive II to each other. 

[Two str. lines II to the same str. line are II to each other.] (§ 71) 

4. Then, Z.DCG = Z.EDH=Z.FEK. 

[If two II lines are cut by a transversal, the corresp. A are equal. ] 

(§76) 

5. Also, ZCDG = ADEH=AEFK. ^ 

[If two II lines are cut by a transversal, the corresp. A are equal.] 

(§76) 
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6. Then, A CDG = A DEH = AEFK a 

[Two A are equal when a side and two adj. ^ of Cf 

one are equal respectively to a side and two adj. A Df 

of the other.] (§4^) ^/ 




7. Then, CG = DH = EK ^/f- 

[In equal figures, the homologous parts are equal.] (§ 48) 

8. But, OG = OD', DH = B'E', and EK = E'F'. 

[In any O, the opposite sides are equal.] (§ 104) 

9. Then, CD' = D'E' = E'F'. 

[Things which are equal to equal things, are equal to each other.] 

(Ax. 1) 

129. The line which bisects one side of a triangle, and is paral- 
lel to another side, bisects also the third side. 

If line DE is II side BO of A ABC, and 
bisects side AB, it also bisects AC, 

This is the particular case in the figure 
of Prop. XLI where CG coincides with 
CD'. B b 

130. In the figure of Prop. XLI, CCE'E is a trapezoid, and 
DD' bisects its sides GE and C'E', 

Hence, the line which is parallel to the bases of a trapezoid 
and bisects one of the non-parallel sides, bisects the^ other also. 

Prop. XLIL Theorem 

131. The line joining the middle points of two sides of a tri- 
angle is parallel to the third side, and equal to one-half of it. 

Draw any A ABC. Through D and E, middle points of AB and AC, 
respectively, draw line D£J. We then have : 

Giyen line DE joining middle points of sides AB and AC, 
respectively, of A ABC. 

To Prove DE II BC, and DE = ^ BC. 

Proof. 1. CLline from D II BC will bisect AC. 

[The line which bisects one side of a A, and is II to another side, bisecta 
also the third side.] . (§ 129) 
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2. Then it must coincide with DEy and DE J BG. 

[But one str. line can be drawn between two points.] (Ax. 6) 

3. Draw line EF\\ AB, meeting side BO at F. 

4. lJi^ADEB3i^EFC,\}Y\vj^,,AE = Ea 

6. Also, /.A=:Z.CEF,diXidi/.AED = Z.a 

[If two lis are cut by a transversal, the corresp. A are equal.] (§ 76) 

6. Then, AADE^AEFC. 

[Two Mi are equal when they have a side and two adjacent A of one 
equal respectively to a side and two adjacent A of the other.] (§ 49) 

7. Then, DE^^FO. 

[In equal figures, the homologous parts are equal.] (§ 48) 

8. But, DE = BF. 

[In any O, the opposite sides are equal.] (§ 104) 

9. Then, DE = ^BO. 



^>t 



Prop. XLIII. Theorem 



132. The line joining the middle points of the non-parallel 
sides of a trapezoid is parallel to the bases, and equal to one-half 
their sum. 

Bit .1 /7 




Draw trapezoid ABCD, BC and AD being II sides. Let E, F be mid- 
dle points of AB and C2>, respectively. Draw line EF. We then have : 

Given line EF joining middle points of non-ll sides AB and 
CD, respectively, of trapezoid ABCD, 

To Prove EF \\ to AD and BO, and EF= ^ (AD + BO). 

Proof. 1. A line from E || to AD and BO will bisect OD. 

[The line which is || to the bases of a trapezoid, and bisects one of the 
non-U sides, bisects the other also.] (§ 130) 
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2. Then it coincides with EF, and EF is li to AD and BC. 
[But one str. line can be drawn between two i)oints.] (Ax. 6) 

3. Draw diagonal AC, intersecting EFdX G. iy— — — -^ 

4. Since EG bisects side AB of A ABCy J [.^^ " ' ^ 
and is II BO, it bisects side AG. J^ Ad 

[The line which bisects one side of a A, and is || to another side, 
bisects also the third side.] (§ 129) 

5. Then, EG = \Ba (1) 

[The line joining the middle points of two sides of a A is || to the third 
side, and equal to one-half of it.] (§ 131) 

6. In like manner, GF=^\AD. (2) 

7. Adding (1) and {^\ EF^\BO + i AD = ^ (BO + AD^ 

Ex. 48. A straight line is drawn from the vertex of a triangle to any 
point in the base. Prove that this line is bisected by the line joining the 
middle points of the sides of the triangle. 




Ex. 49. E and F are middle points of sides 
BC and AD^ respectively, of the parallelogram 
ABCD. Draw lines AE and CF. Prove that 
these lines trisect the diagonal joining the other 
two vertices of the parallelogram. 

Prop. XLIV. Theorem 

133. The bisectors of the angles of a triangle intersect aJt a 
common point. 

Draw any A ABC, Let a, 6, c, be the bisectors of A A, By and C, re- 
spectively. We then have : 

Given a, b, and c, the bisectors of the angles of A ABO. 

To Prove that a, b, and c intersect at a common point. 

Proof. 1. Let a and o intersect at 0. 

2. Since is in bisector a, it is equally distant from sides 
AB and AG. 

[Any point in the bisector of an Z is equally distant from the sides of 
theZ.] • (§98) 
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3. Since is in bisector 6, it is equally distant from sides 
AB and BC. 

4. Then is equally distant from sides AC and BC, and 
therefore lies in bisector c. 

[Every point which is within an Z, and equally distant from its sides, 
lies in the bisector of the Z.] (§ 99) 

5. Then, a, h, and c intersect in the common point 0. 

134. It follows from § 133 that 

The point of intersection of the bisectors of the angles of a 
triangle is equally distant from the sides of the triangle, 

Ex. 50. The lines joining the middle points of the bases of an isosceles 
trapezoid to the middle points of the non-parallel sides form a rhombus. 

Ex. 51. If through the vertex A, of isosceles triangle ABC, a parallel 
to BO be drawn,, and through the middle points of AB and AO parallels, 
respectively, to ^Cand AB, a triangle is formed equal to the given tri- 
angle, and its vertex will lie in the base of the given triangle. 

Ex. 52. Two sides of a quadrilateral are parallel. The other sides 
are equal, but not parallel. Prove the opposite angles supplementary. 

Prop. XLV. Theorem 

135. The perpendiculars erected at the middle points of the 
sides of a triangle intersect at a common point. 

Draw any A ABC ; at D, E, and F, middle points of BC, CA, and AB, 
respectively, of A ABC, draw lines DG, EH, and FK ± to BC, CA, and 
AB, respectively. We now have : 

Given DG, EH, and FK, the Ja erected at the middle points ' 
of the sides of A ABC, 

To Prove that DG, EH, and FK intersect at a common 
point. 

(If DG and EH intersect at 0, is equally distant from B 
and Cy by § 54 ; and also from A and C) 

336. It follows from § 135 that 

The point of intersection of the perpendiculars erected at the 
middle points of the sides of a triangle, is equally distant from 
the vertices of the triangle. 
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Prop. XL VI. Theorem 

137. The perpendiculars from the vertices of a triangle to the 
opposite sides intersect at a common point, 

A 



K 






\ 



i 


^ 




/ 

/ 


\M 


>S: 


^ 


/ 


n\ 


D 




7 



tH 



G 

Draw any A ABC. From A, B, and C draw lines AD (a), BE (6), 
and CF (c) ± to J^O, GA^ and AB^ respectively. We then have : 

Oiyen a, 6, and c, the three J& from the vertices of A ABC 
to the opposite sides. 

To Prove that a, 6, and c intersect at a common point. 

Proof. 1. Through A, B, and C draw lines HK, KG, and 
OH II jBC, CA, and ^B, respectively, forming A GHK. 

2. Since a is ± BO, it is also ± HK. 

[A str. line JL to one of two lis is ± to the other.] (§ 72) 

3. Since, by cons., ABOH and udCBiTare ZI7, 

AH=: BC and ^/ir= -SO. 
[In any O, the opposite sides are equal.] (§ 104) 

4. Then, ^jBr=^^. 

[Things which are equal to the same thing, are equal to each other.] 

(Ax. 1) 

5. Then, a is ± HK dX its middle point. 

6. In like manner, h and c are ± to KO and (?jEf, respec- 
tively, at their middle points. 

7. Since a, &, and c are ± to the sides of A OHK at their 
middle points, they intersect at a common point. 

[The Js erected at the middle points of the sides of a A intersect at a 
common point.] (§ 136) 
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138. Bef . A median of a triangle is a line drawn from any 
vertex to the middle point of tlie opposite side. 

Prop. XLVII. Theorem 

139. The line dravm from any vertex of a triangle through the 
ppint of intersection of medians dravm from the other two vertices^ 
is itS3lf a median. 

Draw A ABC ; draw medians BE and AD intersecting at ; through 
O draw line CO meeting AB at F. We then have : 

Given AD and BE, two medians of A ^B(7 intersecting at 0. 

To Prove CF also a median, or AF= BF, 

Proof. 1. Draw line AG II BE, meeting (7i^ prolonged at G) 
also, line BG. i 

2. Since EO is II to side AG of A ACG, and bisects side CA, 
O is the middle point of OG. 

[The line which bisects one side of a A, and is II to another side, bisects 
also the third side.] (§ 129) 

3. Since is the middle point of CG, and D of OB, OD is II 
to side BG of A BOG. 

[The line joining the middle points of two sides of a A is II to the third 
side.] (§ 131) 

4. Since AGWBE, and AOWBG, AOBG is a O, and 
AF=^BF. 

[The diagonals of a O bisect each other.] (§ 108) 

140. In the figure of Prop. XLVII, 0F= FG. (§ 108) 
Since is the middle point of CG, OG = OC. 

Then, 0F= ^0G^\ OC, and hence 0C^\ CF. 
In like manner, OA =IAD, and OB = \BE. 

That is, the point of intersection of the medians of a triangle 
lies two-thirds the way from each vertex to the opposite side. 

141. As an aid in the solution of ^original exercises, the 
following list of certain principles proved in Book I will be 
found useful. 
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Two triangles are equal : 

When Iwo sides and the included angle of one are equal respectively to 
two sides and the included angle of the other (§ 46). 

When a side and two adjacent angles of one are equal respectively to a 
side and two adjacent angles of the other (§ 49). 

When the three sides of one are equal respectively to the three sides of 
the other (§ 62). 

Two right triangles are equal : 

When the hypotenuse and an adjacent angle of one are equal respec- 
tively to the hypotenuse and an adjacent angle of the other (§ 60). 

When the hypotenuse and a leg of one are equal respectively to the 
hypotenuse and a leg of the other (§61). 

When a leg and an acute angle of one are equal respectively to a leg 
and the homologous acute angle of the other (§89). 

Two straight lines are equal : 

When they are homologous sides of equal triangles (§ 48). 
When they are opposite equal angles in a triangle (§ 90). 
When they are opposite sides of a parallelogram (§ 104). 
When they are diagonals of a rectangle (§ 112). 

Two angles are equal : 

When they are the complements or supplements of equal angles (§ 41). 

When they are vertical (§ 44). 

When they are homologous angles of equal triangles (§ 48). 

When they are opposite the equal sides of an isosceles triangle (§ 50). 

When they are alternate-interior angles (§ 76). 

When they are corresponding angles (§ 76). 

When their sides are parallel each to each (§81). 

When their sides are perpendicular each to each (§ 8S). 

When they are opposite angles of a parallelogram (§ 104). 

Two lines are parallel .* 

When they are perpendicular to the same line (§ 70). 

When they are parallel to the same line (§71). 

When the alternate-interior angles are equal (§ 78). 

When the corresponding angles are equal (§ 79). 

When the sum of the interior angles on the same side of the transversal 
is equal to two right angles (§ 80). 

When they are opposite sides of a parallelogram. 

When one line is a side of a triangle, and the other joins the middle 
points of the other two sides (§ 131). 
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A quadrilateral is a parallelogram : 

When the opposite sides are equal (§ 106). 
When two sides are equal and parallel (§ 107), 
When the diagonals bisect each other (§ 109). 

One line is greater than another : 

When it is the hypotenuse of a right triangle of which the other line is 
a leg (§ 94). 

When it is opposite a greater angle in a triangle (§93). 

One angle is greater than another : 

When it is an exterior angle of a triangle in which the other is an oppo- 
site interior angle (§ 86). 

When it is opposite a greater side in a triangle (§ 92). 

laz. 53. Is it always possible to find a point equidistant from three 
given straight lines ? 

laz. 54. Is it possible to find a point equidistant from four given 
straight lines ? 

laz. 55. If two medians of a triangle intersect the sides at right angles, 
the triangle is equiangular. 

Ex. 56. If a line joining two opposite vertices of a parallelogram bisects 
the angles at these vertices, the parallelogram is equilateral. 

Ex. 57. Prove that lines drawn from two vertices of a triangle and 
terminating in the opposite sides cannot bisect each other. 




Book II 

THE CIRCLE 
DEFINITIONS 

142. A diameter of a circle is a straight 
line drawn through the centre, having its 
extremities in the circumference. Ay ^ 

143. By the definition of § 23 
All radii of a circle are equal. 

Also, all its diameters are equal, since each is the sum of 
two radii. 

144. Two circles are equal when their radii are equal. 

For they can evidently be applied one to the other so that 
their circumferences shall coincide throughout. 

145. The radii of equal circles are equal. (Converse of § 144.) 

146. Concentric circles are circles having the same centre. 

147. A chord is a straight line joining the extremities of an 
arc ; as AB. 

The arc is said to be subtended by its chord. 

Every chord subtends two arcs ; thus chord 
AB subtends arcs AMB and ACDB. 

When the arc subtended by a chord is 
spoken of, the one which is less than a semi- 
circumference is understood, unless the con- 
trary is specified. 

A segment of a circle is the portion included between an arc 
and its chord ; as AMBN. 
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A sector of a circle is the portion included between an arc 
and the radii drawn to its extremities ; as OCD. 

148. A straight line cannot meet a circumference at more than 
two points. 

For by § 64, not more than two equal straight lines can 
be drawn from a point (in this case, the centre) to a straight 
line. 

149. A central amgle is an angle whose vertex is at the 
centre, and whose sides are radii; as AOC. 

An inscnhed angle is an angle whose vertex 
is on the circumference, and whose sides are 
chords; as ABC, 

An angle is inscribed in a segment when 
its vertex is on the arc of the segment, and 
its sides pass through the extremities of 
the subtending chord; thus, angle B is in- 
scribed in segment ABC. 

150. A straight line is said to be tangent to, or to touch, 
a circle when it has but one point in common with the circum- 
ference ; as u4R 

In such a case, the circle is said t« be 
tangent to the straight line. 

The common point is called the point 
of contact. 

A secant is a straight line which 
intersects the circumference in two 
points ; as CD. 

151. Two circles are said to be tangent to each other 
when they are tangent to the same straight line at the same 
point. 

They are said to be tangent internally or externally according 
as one circle lies entirely within or entirely without the other. 

A common tangent to two circles is a straight line which is 
tangent to both of them. 
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152. A polygon is said to be inscribed in 
a circle when all its vertices lie on the cir- 
cumference ; as ABCD. 

In this case, the circle is said to be cir- 
ciimscribed about the polygon^ 

A polygon is said to be inscriptible when 
it can be inscribed in a circle. 

A polygon is said to be circumscribed 
about a circle when all its sides are tangent 
to the circle ; as EFOH. 

In this case, the circle is said to be in- 
scribed in the polygon. 




Prop. I. Theorem 
153. Every diameter bisects the circle and its circumference. 




Given AC{d) a diameter of O ABCD, 
To Prove that d bisects the 0, and its circumference. 
Proof. 1. Superpose segment ABC upon segment ADC, by 
folding it over about d as an axis. 

2. Then, arc ABC will coincide with arc ADC\ for other- 
wise there would be points of the circumference unequally 
distant from the centre. 

3. Hence, segments ABC and ADC coincide throughout, 
and are equal. 

4. Therefore, d bisects the O, and its circumference. 
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154. Defs. A semt-circumfei^eiice is an arc equal to one-half 
the circumference. 

A quadrant is an arc equal to one-fourth the circumference. 
A semicircle is a segment equal to one-half the circle. 

Xix. 1. If two non-perpendicular diameters be drawn in the same 
circle/the perpendiculars from the extremities of the one upon the other 
are equal. 

Prop. II. Theorem 

X55. In equal circles, or in the same cirde, equal central angles 
intercept equal arcs on the circumference. 





Draw ® AMB and A^WB\ having centres C and C, respectively, and 
same radius. In AMB^ draw Z. ACB-, in O A'M'B\ construct 
Z A'O'B' = Z ACB. We then have : 

Oiyen ACB and A'OBf equal central A of equal (D AMB 
and A'M'B', respectively. 

To Prove arc AB = arc A'B*. 

Proof. 1. Superpose sector ABO upon sector A'B'O in such 
a way that Z C shall coincide with its equal Z (7. 

2. We have ^ AC == A' O Siud BO =B'a. (§145) 

3. Then, point A will fall at A\ and point B at B\ 

4. Then, arc AB will coincide with arc A'B^ ; for all points 
of either are equally distant from the centre. 

6. Whence, arc AB = arc A'B'. 

Zbc' 2. Draw lines dividing a circumference into eight equal parts. 
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Prop. III. Theorem 

156. (Converse of Prop. II.) In equal circles, or in the same 
circle, equal arcs are intercepted by equal central angles. 





Draw ® AMB and A' MB', having centres C and C, respectively, 
and same radius. Take arc AB = 2kXQ A'B', and draw lines AG, BC, 
A'C, and B'C. We then have : 

Given ACB and AOB^ central A of equal (D AMB and 
A'M'B', respectively, and arc AB = arc A'B'. 

To Prove /.C==ZC\ 

Proof. 1. Since the (D are equal, we may superpose O AMB 
upon O A'M'B' in such a way that point A shall fall at A', 
and centre C at C 

2^ Since arc AB = arc A'B', point B will fall at B', 

3. Then, radii AC and BC will coincide with radii A'C and 
B'C, respectively. (Ax. 6) 

4. Then, Z O will coincide with Z (7 ; that is, Z (7= Z C 

157. Note. In equal circles, or in the same circle, 

1. The greater of two central angles intercepts the greater arc 
on the circumference. 

2. Tlie greater of two arcs is intercepted by the greater central 

angle. 

Prop. IV. Theorem 

158. In equal circles, or in the same circle, equal chords sub- 
tend equal arcs. 

Draw © AMB and A'M'B'^ having same radius. In O AMB, draw 
chord AB ; in O A'M'B', draw chord A'B' = chord AB. We then have : 

Given, in equal (D AMB, A'M'B', chord -4J5 = chord A'B\ 



THE CIRCLE 71 

To Prove arc AB = arc A'B*. 

Proof. 1. Draw radii AG, EC, A'C\ and B'O'. 

2. In A ABC and A'B'C, by hyp., AB = A'B. 

3. Also, AC = A'C,2indBC=B'C. (§145) 

4. Then, AABC=AA*B'C\ (§52) 

5. Then, 4C = Z C. (?) 

6. Then, arc ^IB = arc ^'B'. (§155) 

JSx, 3. If .^, ^, C, D are points in succession on a circumference, and 
arcs AB, BC, and CD are equal, prove chord -4(7 = chord BD. 

Prop. V. Theorem 

159. (Converse of Prop. IV.) In equal circles, or in the 
same circle, equal arcs are subtended by equal cJiords, 

Given, in equal (D AMB and A'M'B', arc ^5 = arc A'B*; 
and chords AB and A'B\ (Fig. of Prop. IV.) 
To Prove chord AB = chord A'B'. 

' (The A ABC and A'B^C are equal by § 46.) 

Prop. VI. Theorem 

160. In equal circles, or in the same circle, the greater of two 
arcs is subtended by the greater chord; each arc being less than 
a semi-circumference. 

Praw ®AMB and A' MB', having same radius, and centres at C and 
C", respectively. Take arc AB > arc A'B', each arc < a semi-circum- 
ference. Draw lines AB and A'B'. We then have : 

Given, in equal (D AMB and A'M'B', arc AB > arc A^B', 
each arc < a semi-circumference, and chords AB and A'B'. 
To Prove chord AB > chord A'B', 

Proof. 1. J)TB.wT2LdiiAC,BC,A'a,SindB'C. 

2. In A ABC and A'B'C, AC = A'C, and 5C = B'C. (?) 

3. Since, by hyp., arc AB > arc A'B', 

ZOZ.C. (§157,2) 

4. Then, chord AB > chord ^'J5'. (§ 100) 
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Prop. VII. Theorem 

161. (Converse of Prop. VI.) In equal circles^ or in the 
same circle, the greater of two chords subtends the greater arc; 
each arc being less than a semi-circumference. 

Given, in equal (D AMB and A'M'B', chord AB > chord 
A'B', arcs AB and A'B' being < a semi-circumference. (Fig. 
of Prop. VI.) 

To Prove arc AB > arc A'B'. 

(We have Z C > Z C", by § 101 ; then use § 157, 1.) 

Ex. 4. A central angle AOB is bisected by a radius OC. Let A', C, 
B' be the middle points of OA^ OC, and 0J5, respectively. Prove the 
length of the broken line A'C'B' equal to the length of the chord AC. 

Prop. VIII. Theorem 

162. The diameter perpendicular to a chord bisects the chord 
and its subtended arcs. 

Draw O ABD with centre at ; draw diameter 
DC ; through point E on OC draw chord AB ±DC. 
We then have : 

Given, in OABD, diameter CD ± chord 
AB. 

To Prove that CD bisects chord AB, and 
arcs ACB and ADB. 
- Proof. 1. Let be centre of O ; draw radii OA and OB. 

2. Since OA = OB, A OAB is isosceles. 

3. Then, CD bisects AB, and ZAOB. (§91) - 

4. Since Z ^0(7 = Z BOC, arc AC = arc BC. (§ 155) 

5. Again, ZAOD=:ZBOD. (§41,2) 

6. Then, arc ^i) = arc 5i>. (?) 

163. It follows from the above that the perpendicular ereded 
at the middle point of a chord passes through the centre of the 
circle, and bisects the arcs subtended by the chord. 
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Prop. IX. Theorem 

164 In the same circle, or in equal circles, equal chords are 
equally distant from the centre. 

Draw a G with centre at O ; draw equal chords AB and CD. Draw 
lines OE and OF±AB and CD, respectively, and meeting these lines at 
E and F^ respectively. We then have : 

Given AB and CD equal chords of O ABC, whose centre is 
0, and lines OE and OFl. AB and CD, respectively. 
To Prove OE = OF. 

Proof. 1. Draw radii OA and OC. 

2. In rt. A OAE and OCF, OA = OG. (?) 

3. E is the middle point of AB, and F of (7Z>. (§ 162) 

4. Then, AE = CF\ 

for they are halves of equal chords AB and CD, respectively. 

5. Then, A OAE = A OCF. (?) 

6. Then, OE = OF. (?) 
Ez. 5. If two equal chords, not diameters, intersect within a circle, 

and perpendiculars be drawn from the centre to these chords, the line 
joining the centre of the circle with the intersection of these chords is a 
bisector of the angle formed by the perpendiculars. 

Ex. 6. If two circles are concentric, and a chord of the greater is a 
secant of the smaller, then the portions of the chord between the two 
circumferences are equal. 

Ex. 7. The line which bisects a chord of a circl^ and its subtended arc 
will, if extended, pass through the centre of the circle. 

Prop. X. Theorem 

165. (Converse of Prop. IX.) In the same circle, or in equal 
circles, chords equally distant from the centre are equal. 

Given the centre of ABC, and AB and CD chords equally 
dista,nt from 0. (Fig. of Prop. IX.) 

To Prove chord AB — chord CD. 

(The rt. A OAE and OCF ^xe equal (?), and AE = CF\ E 
is the middle point of AB, and F of CD.) 
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Prop. XI. Theorem 
166. In the same circle, or in equal circles, if two chords are 
unequally distant from the centre, the more remote is the less. 




Draw figure in accord- 
ance with the statement. 
We then have: 

Oiven the centre of O ABO, and chord AB more remote 
from than chord CD. 

To Prove chord AB < chord CD, 

Proof. 1. Draw lines OG ± AB and OH±CD', on OG take 
0K= OH, and through JiT draw chord EF± OK 

2. Then, chord EF= chord CD. (§ 165) 

3. Now, chord AB II chord EF. (§ 70) 

4. Then, arc AB must be < arc EF. 

5. Then, chord AB < chord EF. (§ 160) 

6. That is, chord AB < chord CD. 

167. By § 166, a diameter is greater than any oth^r chord. 

Prop. XII. Theorem 

168. (Converse of Prop. XI.) In the same circle, or in equal 
circles, the less of two chords is at the greater distance from tlie 
centre. 




Draw O with centre at ; draw chords a and 6, a being < 6, their JL 
distances from being c and d, respectively. We then have : 

Given, in O whose centre is 0, chords a and 6, respectively, 
at distances c and d from 0, and chord a < chord h. 
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To Prove c > d. 

Proof. 1. If c is < d, chord a will be > chord b. (§ 166) 

2. If c = d, chord a will equal chord b. (§ 165) 

3. Both of these results are contrary to the hyp. that chord 
a is < chord 6. 

4. Then, c> d. 

Prop. XIII. Theorem 

169. A straight line perpendicular to a radius of a circle at its 
extremity is tangent to the circle. 

Draw a O with centre at O, and radius OC Through point C draw 
line AB ± OC, We then have : 

Given line AB ± radius 0(7 of at a 

To Prove AB tangent to the O. 

Proof. 1. Let D be any point of jLB except (7. 

2. Draw line OD; then, OD > OC. (?) 

3. Therefore, point D lies without the O. 

4. Then, every point of AB except C lies without the O, 
and AB is tangent to the O. (§ 150) 

Prop. XIV. Theorem 

170. (Converse of Prop. XIII.) A tangent to a circle is 
perpendicular to the radius drawn to the point of contact. 




A a B 

Draw O with centre at O. Draw line AB tangent to the O at C 
Draw line OC, We then have : / ^ 

Given line AB tangent to $MPC at (7, and radius 0(7. 
To Prove 00^ AB, 

{OC is the shortest line from to AB.) 
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171. It follows from § 170 that a line perpendicular to a 
tangent at its point of contact passes through the centre of the 
circle, ^t^. 

Prop. XV. Theorem / \ ^ 

172. Two parallels intercept equal arcs on a circumference. 
Case I. When one line is a tangent and the other a secant. 

Draw a O. Through E^ any point on the circumference, draw diame- 
ter EF^ and tangent AB ± EF (§ 169). Draw secant CD II AB, inter- 
secting the circumference at G and 2>. We then have : 

Given AB a tangent to O CED at E, and CD a secant II -4JB, 
intersecting the circumference at C and D, 

To Prove arc CE == arc DE. 

Proof. 1. Draw diameter EF, then EF A^ AB, (§ 170) 

2. Then, EF A, CD. (?) 

3. Then, arc CE = arc DE. (§ 162) 

Case n. When both lines are secants. 

Draw a 0. Draw || secants, AB and CD, intersecting the circum- 
ference at A and B, and C and D, respectively. We then have : 

Oiven, in O ABC, AB and CD II secants, intersecting the 
circumference at A and B, and C and D, respectively. 

To Prove arc AC = arc BD. 

Proof. 1. Draw tangent EF II AB, touching the O at O. 

% Then, EF II CD. (?) 

3. By Case I, arc AO = arc BG, (1) 
and arc CQ = arc DQ. (2) 

4. Subtracting (2) from (1), 

arc AG — arc CG — arc BG — arc />(?, 
or arc AC = arc BD. 
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Case in. WJien both lines are tangents. 

In QEGF^ draw || tangents, AB and CD, touching O at ^ and JP, 
respectively. We then have : 

Oiyen, in O EOF, AB and CD li tangents, touching the O at 
E and F, respectively. 

To Prove arc EGF = arc EHF 

(Draw secant GH II AB, and apply Case I.) 

173. It follows from § 172 that the straight line joining the 
points of contact of two parallel tangents is a diameter, 

XSz. 8. The diameters of tviro concentric circles are 11 and 15 inches, 
respectively. Can a tangent to either circle be drawn through a point 6 
inches from the common centre ? Why ? 

Sx. 9. The lines joining the extremities of two unequal parallel chords 
form, with the chords, an isosceles trapezoid. Is the centre within or 
without the trapezoid ? 

Ex. 10. If two equal chords, AB and CD, of a circle are parallel, the 
points A, B, i), and Cheung in succession on the circumference, the chords 
AC and BD are equal and the figure formed is a rectangle. Can the 
centre be without the rectangle ? 

Prop. XVI. Theorem 

174. The tangents to a. circle from an outside point are equal. 



C^ "^ 
Draw G with centre at 0. Draw radii OB and OC, and tangents 
± OB and OC, respectively, intersecting at A. We then have : 

Oiven AB and AC tangent at points B and C, respectively, 
to BC whose centre is O. 
To Prove AB = AC, 

(Kt. A OAB and OAC are equal by § 61.) 
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175. From equal A OAB and OAG (Fig. of Prop. XVI), 

Z OAB = Z O^Cand AAOB = Z ^00. 
Then, the line joining the centre of a cirde to the point of inter- 
section oftvjo tangents makes equal angles with the tangeiitSy and 
also with the radii drawn to the points of contact, 

Ex. 11. The line through the middle points of two parallel chords 
passes through the centre of the circle. 

Ex. 12. If two equal circles intersect and parallel lines be drawn 
through the points of intersection, the portion cut from the first line by 
one circumference is equal to the portion cut from the second by the other 
circumference. 

Ex. 13. The angle formed by two tangents to a circle is the supple- 
ment of the angle formed by joining the centre to the points of tangency. 

Ex. 14. Can a trapezoid be constructed whose sides are 8, 10, 11, 12, 
respectively ? Give method showing the result. Can such a trapezoid be 
inscribed in a circle ? 

Pbop. XVII. Theoi^m 

176. Through three points^ not in the same straight line, a cir- 
cumference can be drawn, and but one. 




Oiven points A, B, and C, not in the same straight line. 

To Prove that a circumference can be drawn through A, B, 
and (7, and but one. 

Proof. 1. Draw lines AB and J5(7, and lines DF and EQl 
AB and BCy respectively, at their middle points, meeting at 0. 

2. Theji is equally distant from A, B, and C. (§ 136) 

3. Hence, a circumference described with as a centre and 
OA as a radius will pass through A, B, and (7. 



1 
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4. Again, the centre of any circumference drawn through A, 
By and C must be in each of the Ja DF and EG. (§ 56) 

5. Then as DF and EG intersect in but one point, only one 
circumference can be drawn through A, B, and C 

177. Two circumferences can intersect in hut two points; for 
if they had three common points, they would have the same 
centre, and coincide throughout. 

Prop. XVIII. Theorem 

178. If two circumferences intersect, the straight line joining 
their centres bisects their common chord at right angles. 




Draw ®, with centres at and 0', whose circumferences intersect at A 
and B, Draw lines AB and 00', We then have : 

Oiven and 0' the centres of two (D, whose circumferences 
intersect at A and B, and lines 00' and AB. 
To Prove that 00' bisects AB at rt. A. 
(Use § 56.) 

Prop. XIX. Theorem 

179. If tioo circles are tangent to each other, the straight line 
joining their centres passes through their point of contact. 

Draw two ®, whose centres are at and 0', tangent to line AB at 
A. We then have : 

Oiven and 0' the centres of two (D, which are tangent to 
line AB at A, 

To Prove that str. line joining and 0' passes through A. 

(Draw radii OA and O'A] these lines are±-4B, and OAO' 
is a str. line by § 20. Then use Ax. 6.) 
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Ex. 15. If two circumferences intersect, the distance between their 
centres is greater than the difference of their radii. 

Ex. 16. If a tangent has its extremities in two parallel tangents to 
. the same circle, the angle which is formed by the lines joining the centre 
of the circle to the extremities of the first tangent is a right angle. 
[Draw radii to the points of tangency.] 

MEASUREMENT 

180. The ratio of one magnitude to another of the same 
kind is the quotient of the first divided by the second. 

Thus, if a and h are quantities of the same kind, the ratio of 

a to IS -T. 



We measure a magnitude "by finding its ratio to another 
magnitude of the same kind, called the unit of measure. 

If the quotient can be obtained exactly as an integer or frac- 
tion, we call it the numerical measure of the magnitude. 

181. Two magnitudes of the same kind are said to be com- 
mensurable when a unit of measure (called a common measure) 
is contained an integral number of times in each. 

Thus, two lines whose lengths are 2} and 3^ inches are commensurable ; 
for the common measure ^ inch is contained an integral number of times 
in each ; i.e. 55 times in the first line, and 76 times in the second. 

Two magnitudes of the same kind are said to be incom- 
mensurable when no magnitude of the same kind can be found 
which is contained an integral number of times in each. 

For example, if AB and CD are two lines such that 

since V2 can only be obtained approximately as a decimal, no 
line, however small, can be found which is contained an integral 
number of times in each line, and AB and CD are incom- 
mensurable. 

182. A magnitude which is incommensurable with respect 
to the unit has no exact numerical measure (§ 180). 
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Still if CD is the unit of measure, and — — = V2, we shall call 
V2 the numerical measure of AB, 

183. It is evident from the above that the ratio of two mag- 
nitudes of the same kind, whether commensurable or incom- 
mensurable, is equal to the ratio of their numerical measures 
when referred to a common unit. 

THE METHOD OF LIMITS 

184. We define a variable as a quantity which, under the 
conditions imposed upon it, may have an indefinitely great 
number of different values. 

We define a constant as a quantity which remains unchanged 
throughout the same discussion. 

185. A limit of a variable is a constant quantity, the differ- 
ence between which and the variable may be made less than 
any assigned quantity, however small. 

In other words, a limit of a variable is a fixed quantity to 
which the variable approaches indefinitely near. 

186. Suppose, for example, that a point moves from A 
towards B under the condition that it ^ C D E B 

shall move, during successive equal inter- ' ' ' — Lj 

vals of time, first from A to (7, halfway between A and B-, 
then to Z>, halfway between C and B; then to E, halfway 
between D and B ; and so on indefinitely. 

In this case, the distance between the moving point and B 
can be made less than any assigned distance, however small. 

Then, the distance from A to the moving point is a variable 
which approaches the constant distance AB as a limit. 

Again, the distance from the moving point to ^ is a variable 
which approaches the limit 0. 

As another illustration, consider the series 

^f h h h "^^9 :*•> 
where each term after the first is one-half the preceding. 
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In this case, by taking terms enough, the last term may be 
made less than any assigned number, however small. 

Then, the last term of the series is a variable which ap- 
proaches the limit when the number of terms is indefinitely 
increased. 

Again, the sum of the first two terms is IJ ; 
the sum of the first three terms is If ; 
the sum of the first four terms is IJ^; etc. 

In this case, by taking terms enough, the sum of the terms 
may be made to differ from 2 by less than any assigned num- 
ber, however small. 

Then, the sum' of the terms of the series is a variable "which 
approaches the limit 2 when the number of terms is indefinitely 
increased. 

187. The Theorem of Limits. If two variables are always 
equal, and each approacJj.es a limit, the limits are equal. 



A M 

I L. 



I I 



r 



Oiven AW and A'W two variables, which are always equal, 
and approach the limits AB and A'B', respectively. 

To Prove AB = A'B\ 

Proof. 1. If possible, suppose AB > A'B\ 

2. Take, on AB, AC equal to A'B'. 

3. Then, variable AM mQ.y assume values > AC, while varia- 
ble A'M' is restricted to values < AC 

4. This is cqntrary to the hypothesis that the variables are 
always equal ; then, AB cannot be > A'B\ 

5. In like manner, we may prove that AB cannot be < A!'B\ 

6. Since AB cannot be >, nor < AB\ we have AB = A^B\ 

Note. In the above demonstration, we have' supposed AM and A^M^ 
to be increasing variables ; the theorem may be proved in a similar man- 
ner if AM and A'M' are decreasing variables. 
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MEASUREMENT OF ANGLES 
Prop. XX. Theorem 

188. In the same circle, or in equal circles, two central angles 
are in the same raiio as their intercepted arcs. 

Case I. When the arcs are commensurable (§ 181). 

B 




Draw figure in accordance with the statement. We thien have : 

Qiven, in O ABC, AOB and BOC central A intercepting 
commensurable arcs AB and BC, respectively. 

Z AOB arc AB 



To Prove 



Z BOO arc BC 



Proof. 1. By hyp., arcs AB and BC are commensurable; let 
arc AD be a common measure of arcs AB and BC, and suppose 
it to be contained 4 times in arc AB, and 3 times in arc BC. 

2. Then, ^^ = t- (1) 

' arc 5(7 3 ^ ^ 

3. Drawing radii to the several points of division of arc AC, 
Z AOB will be divided into 4 A, and Z BOC into 3 A, all of 
which A are equal. (§ 155) 

.. F„„(l)..d (2). |40|.^. (,, 

Note. The theorem may be proved in a similar manner, whatever the 
number of subdivisions of arcs AB and BC, 
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Case n. When the arcs are incommensurable (§ 181). 




Draw figure in accordance with the statement. We then have : 

Oiven, in O ABC, AOB and BOO central A intercepting 
incommensurable arcs AB and BC, respectively. 

ZAOB SiTcAB 



To Prove 



ZBOO arc BO 



Proof. 1. Let arc AB be divided into any number of equal 
arcs, and let one of, these arcs be applied to arc BC as a unit 
of measure. 

2. Since arcs AB and BC are incommensurable, a certain 
number of equal arcs will extend from B to C\ leaving a 
remainder CO less than one of the equal arcs. 

3. Draw radius DC ; since arcs AB and BC are commen- 
surable, ZA0B _ 2^cAB .^ J. 

Z^0^""arc5C'* ^^^^^^ 

4. Now let the number of subdivisions of arc AB be indefi- 
nitely increased. 

5. Then the unit of measure will be indefinitely diminished; 
and the remainder CC, being always less than the unit, will 
approach the limit 0. 

6. Then Z BOC will approach the limit Z BOC, 
and arc BC will approach the limit arc BC 

7. Hence, 44^ ^ill approach the limit 4^^^ 

' ZBOC ^^ ZBOCJ 

and Hlil^ will approach the limit ^^^^i^. 

arc BCf ^^ arc BO 
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8. Now, — and — — — are two variables which are 

Z BOO' arc BO' 

always equal; and they approach the limits j^rkn ^^^ 

/L BOO 

arc . ' 

arc . 

9. By the Theorem of Limits, these limits are equal. 

(§ 187) 
Z AOB arc AB 



^^ respectively. 



10. Then, 



Z BOG arc BC' 



189. The usual unit of measure for arcs is the degree, which 
is the ninetieth part of a quadrant (§ 154). 

The degree of arc is divided into sixty equal parts, called 
mninutes, and the minute into sixty equal parts, called seconds. 

If the sum of two arcs is a quadrant, or 90°, one is called 
the complement of the other ; if their sum is a semi-circum- 
ference, or 180°, one is called the supplement of the other. 

190. By § 155, equal central A, in the same ©, intercept 
equal arcs on the circumference. 

Hence, if the angular magnitude about the centre of a O be 
divided into four equal A, each Z will intercept an arc equal 
to one-fourth of the circumference. 

That is, a right central angle intercepts a quadrant on the 
circumference. (§ 19) 

191. By § 188, a central Z of w degrees bears the same ratio 
to a rt. central Z that its intercepted arc bears to a quadrant. 

But a central Z of n degrees is ~ of a rt. central Z. 

Hence, its intercepted arc is ^ of a quadrant, or an arc of 
n degrees. 

The above principle is usually expressed as follows : 
A central angle is measured by its intercepted arc. 

The above statement signifies simply that the number of angular de- 
grees in a central angle is equal to the number of degrees of arc in its 
intercepted arc. 
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Prop. XXI. Theorem 

192L An inscribed angle is measured by one-half its inter- 
cepted arc. 

Case I. When one side of the angle is a diameter. m 

Draw O ABC with centre at O. Draw diameter AG and chord AB. 
We then have : 

Oiven ^O a diameter, and AB a chord, of O ABO. 

To Prove that Z Ais measured by ^ arc BC. 

Proof. 1. Draw radius 0J5; denote Z BOChy a. 

2. We have, OA = OB. (?) 

3. Then, ZB = ZA. - (§50) 

4. Since a is an ext. Z of A OAB, Za= Z.A + ZB. 

5. Then, Za = 2 Z Ay oi ZA^^Za. 

6. But, Z a is measured by arc BO. (§ 191) 

7. Whence, ZAis measured by ^ arc BO. 

Case n. When the centre is within the angle. 

Draw O ABC ; draw an inscribed Z BAC with the centre within tlie Z 
We then have : 

Given AB and AO chords of O ABO, and the centre of the 
O within Z BAO. 

To Prove that Z BAO is measured by | arc BO. 

Proof. 1. Draw diameter AD ; denote Z -B-4Z> by a and 
ZB^Obyft. 

2. By Case I, Z a is measured by i arc BD, 
and Z 6 is measured by ^ arc CD. 

3. Then, Z a -{■ Zb is measured by ^ arc BD + |- arc CD. 

4. Then, Z BAO is measured by | arc BO. 

C3.se m. TFi^en the centre is without the angle. 

Draw O ABC. Inscribe Z BAC, the centre lying without the Z. Dra^ 
diameter AD. 

(The proof is left to the pupil.) 
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193. Angles inscribed ivi the same segment 
are equal. 

For, if Ay By and C are 'A inscribed in seg- 
ment AED of O ABCy 

ZA==ZB=XC', 
for each Z is measured by*^ arc DE (§ 192). 

194. An angle inscribed in a semicircle is 
a right angle. 

For if BC be a diameter, and AB and 
A.C chords, of O ABD, Z^ is meiasured 
by I an arc of 180°, or 90° (§ 192). 

195. The opposite angles of an inscribed 
quadrilateral are supplementary. 

For their sum is measured by ^ of 360°, 
or 180°. (?) 

^^"^ 

Ex. 17. A quadrilateral ABCD is inscribed in a circle. Arc AB 
is 84°, arc CD is 96*^, and Z C is 80°. Find remaining arcs and angles. 

Ex. 18. A quadrilateral ABCD is inscribed in a circle. Z 5 is 104°, 
Z (7 is 92°, and arc AB 70°. Find remaining angles of the quadrilateral 
and the arcs subtended by its sides. 

Ex. 19. A regular polygon has seven sides. Find the number of 
degrees in each angle. 

Ex. 20. The median drawn to the hypotenuse of a right triangle 
divides it into two isosceles triangles. 

Ex. 21. If angles be inscribed in two segments whose sum is equal 
to the whole circle, they are supplements and each angle is a supplement 
of one-half the central angle which its arc subtends. 

Ex. 22. A triangle is inscribed in a circle ; one of its angles is 74°, 
and one side of this angle subtends an arc of 42° ; find the remaining 
angles of the triangle and the subtended arcs. 

Ex. 23. One of the equal sides of an isosceles triangle ABC is 30 
inches, the vertical angle A is 120°. A circle described on one of the 
equal sides as a diameter intersects BC at D. Find BD in terms of BC. 
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Prop. XXII. Theobem 

196. The angle formed by a tangent and a chord is measured 
by one-half its interested arc. 



Draw a 0. Draw tangent AC, touching the O at B, and chord BD 
making an acute Z with AB, We then have : 

Given AC tangent to O BDE at B, and BD a chord. 

To Prove that Z ABD is measured by J arc BD, 

Proof. 1. Draw chord DE II AC ; then, Z ABD = Z Z>. (§ 75) 

2. Now Z 2> is measured by ^ arc BE, (§ 192) 

3. Also, liYe^E^B.vcBD, (§172) 

4. Then, Z ABD is measured by ^ arc BD. 

Since ^ C-BD is sup. to Z ^JBZ), it is measured by 

^ (a circumference — arc BD), or J arc BED, (§ 192) 

Prop. XXIII. Theorem 

197. The angle formed by two choi-ds, intersecting within the 
circumference, is measured by one-half the sum of its iniei^cepted 
xirc, and the arc intercepted by its vertical angle. 

Draw O ABC, Draw chords AB and CD intersecting within the cir- 
cumference at E ; denote Z AEG by a. We then have : 

Oiven, in O ABC, chords AB and CD intersecting within the 
circumference at E. 

To Prove that Z a is measured by \ (arc AC 4- arc BD). 

Proof. 1. Draw chord BC\ since a is an ext. Z of A BCE, 

Za = Z^ + Za (?) 



i 
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2. But, ZB is measured by ^ arc AC^ 

and Z C is measured by \ arc BD, (?) 

3. Substituting in result of (1), 

Z a is measured by \ (arc AG 4- arc BD), 

Ex. 24. In an inscribed quadrilateral ^JB CD, ^ii*=76°, ^JB = 40^ 
arc -80 = 95*'; find the angle formed by the diagonals of the quad- 
rilateral. 

Prop. XXIV. Theorem 
198. The angle foi^med by two secant s, intersecting without the 
circumference^ is measured by one-half the difference of the inter- 
cepted arcs. 




Draw ABC. Draw secants AE and CE intersecting without the 
circumference at E, and intersecting the circumference at A and B, and 
C and i>, respectively. We then have : 

Given, in O ABC, secants AE and CE intersecting witliout 
the circumference at E, and intersecting the circumference at 
A and B, and C and D, respectively. 

To Prove that Z J^ is measured by ^ (arc AC — arc BD). 

Proof. 1. Draw chord BC] denote Z ABC by a. 

2. Since a is an ext. Z oiABCE, Za:= ZE + Z C. (?) 

3. Then, ZE=^Za-ZC. 

4. Now Z a is measured by ^ arc AC, 

and Z (7 is measured by ^ arc BD. (?) 

5. Then, ZE is measured by ^ (arc AC— arc BZ)). 
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199. If the opposite angles of a quadrilateral are supplement- 
ary y the quadrilateral can be inscribed in a circle. 

(Converse of § 195.) 

Suppose, in quadrilateral ABCD, Z A sup. 
to Z O, and Z 5 to Z 2> ; and a circumference 
drawn through A, B, and C, (§ 176) 

If ZD is sup. to Z5, it is measured by 
i arc ABC, (§ 192) 

Then, D must lie on the circumference ; for if it were within 
the O, Z 2> would be measured by ^ an arc > ABC\ and if it 
were without the O, Z2> would be measui'ed by ^ an arc 
< ABa (§§ 197, 198) 

Ex. 25. Two equal chords bisect in a circle. What are the angles 
formed ? 

Ex. 26. Two chords intersect within a circle, and form an angle of 
76° ; one of the intercepted arcs is 60° : find the other. 

. Ex. 27. Two chords intersect within a circle ; one of the angles 
formed is ul°, and one of the intercepted arcs is JB° : find the other. 

Pbo?. XXV. Theorem 

200. The angle formed by a secant and a tangent, or two 
tangents, is measured by one-half the difference of the intercepted 
arcs. 





Fig. 1. 



Fig. 2. 



Draw figures in accordance with the statement, AE tangent to O BDF 
at J5, and CE a chord in Fig. 1, a secant in Fig. 2. We then have : 
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1. Given AE a tangent to O BDO at B, and EO a secant 
intersecting the circumference at C and D, (Fig. 1.) 

To Prove that Z. E is measured by | (arc BFC—blvq BD). 

(We have /.E = Z ABO -A G.) 

2. (In Fig. 2,ZE = Z ABD - Z BDE; then use § 197.) 

Ez. 28. In Ex. 27 find the point of intersection of these chords when 
A and B are equal. 

Ez. 29. Two chords intersecting in a circle intercept opposite arcs on 
the circumference 68° and 14°, respectively. Find the angle formed by 
the chords. 

Ex. 30. Two unequal chords intersect at right angles. Find the 
sum of the opposite intercepted arcs. Will this sum remain constant if 
the lengths of the chords vary ? 

Ex. 31. A chord subtends an arc of 144°. Through one extremity of 
the chord a tangent is drawn ; find the angles which it forms with the 
chord. 

Ex. 32. The angle formed by a tangent and a secant is 94°, and one 
of the intercepted arcs is 210° ; find the other. 

Ex. 33. Find the angle formed by two secants intersecting without a 
circle, if the intercepted arcs are 36^^ and 144°, respectively ; also if the 
angle is 76° and one of the intercepted arcs is 44°, find the other. 

Ex. 34. An inscribed angle is 32°. How many degrees in the arc in 
which it is inscribed ? 

Ex. 35. In how large a circle can a triangle whose sides are 12, 13, 
and 6 be inscribed ? What kind of a triangle is it ? 

Ex. 36. The angle formed by two tangents is 76° ; find the inter- 
cepted arcs; also for 92°. 

Ex. 37. An inscribed quadrilateral subtends arcs of 70°, 80°, 100°, 
and 110°, respectively. Find the angles of the quadrilateral, and also the 
angles of the quadrilateral formed by the intersections of the tangents 
through the vertices of the quadrilateral. 

Ex. 38. The sum of the degrees in the angle formed by two tangents 
and the smaller of the intercepted arcs is 180°. 

Ex. 39. Choose any two of the following statements for the hypothe- 
sis and any one of the remaining three for the conclusion, and prove each 
of the ten theorems thus formed, not already proved in §§ 162, 163 : 
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A straight line that 

1. Passes through the centre of a circle ; 

2. Bisects the chord ; 

8. Is perpendicular to the chord ; 

4. Bisect^ the smaller arc ; 

5. Bisects the greater arc. 

Ez. 40. Give a general rule for the measurement of angles formed 
by two lines intersecting 

(a) within a circumference, 
(6) on a circumference, 
(c) without a circumference. 

Ex. 41. What figure is formed by the bisectors of the angles of a 
parallelogram? Give proof. 

Ez. 42. Two equal chords intersect either within a circumference, 
on the circumference, or without the circumference. Prove that in either 
case the bisector of one of the angles formed by the chords passes throagli 
the centre of the circle. 

Ez. 43. Given a chord CD and A and 5, two points on the circum- 
ference, such that line AG = AD and line BC = BD^ prove that line M 
is a diameter. 

CONSTRUCTIONS 

Pbop. XXVI. Problem 

201. At a given point in a straight line to erect a perpendkv^ 
lar to that line. 

In § 24, we gave a method for drawing a perpendicular to a strai^t 
line at a given point ; the following method is advantageous when the 
point is near the end of the line. 



,--' ■"••x 




/ 


E 


/ «/ 


\ 


\ X 


j 


> ,'' 


^ 


D\ 






Given O any point in line AB. 



THE CIRCLE 98 

Beqnired to draw a line ± AB at C7. 

Constmotion. 1. With any point without line AB as a 
centre^ and distance 00 as a radius, describe a circumference 
intersecting ABdX O and D. 

2. Draw diameter DE^ and line CE. 

3. Then, OEi^l^AB at O. 

Proof. 4. Z Z>CE, being inscribed in a semicircle, is a 
rt. Z. (§ 194) 

Pbop. XXVII. Pboblbm 

202. To bisect a given arc 



% 

Oiyon arc AB. 

Bequired to bisect arc AB. 

Conitniotioit 1. With A and B as centres, and with equal 
radii, describe arcs intersecting at O and D, 

2. Draw line OD intersecting arc AB at E. 

3. Then E is the middle point of arc AB. 

Proof. 4. Draw chord AB. 

5. Then, CD is ± chord AB at its middle point. (?) 

6. Whence, OD bisects arc AB. (§ 163) 

Ex. 44. The hypotenuse of an isosceles right triangle is 18. Con- 
struct the" triangle. 

Ex. 45. Given two angles of a triangle, to construct the third. (Com- 
pare § 84.) 
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Prop. XXVIII. Problem 

203. TJiroiigh a given point without a given straight line, to 
draw a parallel to the line. 

/F 



IE 



Given any point without line AB. 

Required to draw through G a line || AB. 

Constmction. Through C draw any line EF, meeting J5 
at E, and construct Z FCD = Z GEB (§ 28) ; then, CD II AK 

(The proof is left to the pupil.) 

Prop. XXIX. Problem 

204.^ Given two sides of a triangle, and the angle opposite to 
one of them, to construct the triangle. 

Given m and n sides of a A, and A' the Z opposite to n. 

Eeqnired to construct the A. 

Construction. 1. Construct Z DAE = Z -4' (§ 28) ; on M 
take AB = m. 
2. With 5 as a centre and n as a radius, describe an arc. 

Case I. When A' is acute, and m>n. 




There may be three cases : 
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I. The arc may intersect AD in two points. 

3. Let Ci and Cg be the points in which the arc intersects 
AJD, and draw lines BCi and BO2. 

4. Then, either ABCi or ABO2 is the required A. 
This is called the ambiguous case. 

II. The arc may be tangent to AD. 
In this case there is but one A. 

5. Since a tangent to a O is _L the radius drawn to the 
point of contact (§ 170), fhe A is a right A. 

III. The arc may not intersect AD at alL 
In this case the problem is impossible. 

Case n. When A' is acute, and m = n. 

6. In this case, the arc intersects AD in two points, of which 
A is one ; there is but one A, an isosceles A. 

Case m. When A' is acute, and m <n. 



/ 



CiX 



7. In this case, the arc intersects AD in two points. 

8. Let Ci and C^ be the points in which the arc intersects 
AD, and draw lines BCi and BC2. 

9. Now AABCi does not satisfy the conditions of the 
problem, since it does not contain ZA\ 

10. Then there is but one A ; A ABC^. 

Case IV. When A* is right or obtuse, and m<,n. 

11. In each of these cases, the arc intersects AD in two 
points on opposite sides of A, and there is but one A. 

The pupil should construct the triangle corresponding to each case of 
{204. 
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Prop. XXX. Problem 

205. To divide a given straight line into any number of equal 
parts. 

>x \ \ \ 
1 B K L k 

Given line AB. 

Bequired to divide AB into four equal pstrts. 

Constraction. 1. On the indefinite line AC^ take any con- 
venient length AD. 

2. On DO take hE^AB\ on ^(7 take EF^AD\ on FQ 
take FQ = AD ; and draw line BQ, 

3. Draw lines DH, EK, and FL II BOy meeting AB at H, 
Ky and X, respectively. 

4. Then, AH = HK=^ KL = LB, (§128) 

Prop. XXXI. Problem 
206i To circumscribe a cirde about a given triangle. 




Given A ABO. 

Required to circumscribe a O about A ABO. 

Construction. 1. Draw lines DF and EG±AB and AOj re-, 
spectively, at their middle points, intersecting at O. (§ 



, re- J 

1 
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2. With as a centre, and OA as a radius, describe a O. 

3. The circumference will pass through A, B, and (7. 

(The proof is left to the pupil ; see § 136.) 

Note. The above construction serves to describe a circumference 
through three given points not in the same straight line, or to find the 
centre of a given circumference or arc. 

Ez. 46. Through any given point within a ciroumference to draw a 
chord of given length. 

Ex. 47. To inscribe a circle in a given triangle. (Compare § 184.) 

Prop. XXXII. PnoBiiEM 

207. To draw a tangevU to a cirel^ through a givm point on 
the drcumferenoe. 



GKven A any point on the oircumfor«nc6 of OAD* 
Beqnired to draw through A a tangent to AD, 

GonBtmction. 1. Draw radius OA, 

2. Through A draw line BC± OA. (§ 24) 

3. Then, -BO will be tangent to© ^2). (?) 

Ex. 48. Given two sides and the included angle of a parallelogram, 
to construct tho parallelogram. 

Ex. 49. Circumscribe a parallelogram about a circle and find relations 
between the lengths of the adjacent sides. 

Ex. 50. To draw a tangent to a given circle which shall be perpen- 
dicular to a given line. 

Ex. 51. To draw the shortest chord through a given point within a 
given circumference.^ 
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Prop. XXXIII. Problem 



208. To draw a tangent to a circle through a given point with- 
out the circle. 




.'C 



Given A any point without O BC, 

Keqnired to draw through A a tangent to O BC, 

Construction. 1. Let be the centre of O BC, 

2. Draw line OA, and with OA as a diameter, describe a 
circumference, cutting the given circumference at B and C. 

3. Draw lines AB and AC, 

4. Then, AB and AC are tangents to O BC. 
Proof. 5. Draw line OB, 

6. Since Z ABO is inscribed in a semicircle, it is a rt. Z. (?) 

7. Then, AB is tangent to O BC. (?) 
In like manner, we may prove AC tangent to O 5(7. 



Prop. XXXIV. Problem 

209. Upon a given straight line, to describe a segment which 
shall contain a given angle. 





Given line AB, and Z.A'. 
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Beqnired to describe upon AB a segment such that every 
Z. inscribed in the segment shall equal ZA'. 

Construction. 1. Construct Z.BAC = Z A'. (§ 28) 

2. Draw line DE ± AB at its middle point. (§ 26) 

3. Draw line AF ± AC, intersecting DE at 0. 

4. With O as centre and OA as radius, describe O AMBN, 

5. Then, AMB will be the required segment. 

Proof. 6. If AGB be any Z inscribed in segment AMB, it 
is measured by ^ arc -4^J5. (?) 

7. But, by cons., AC ± OJ.; and ^4(7 is tangent to O 
AMB, (?) 

8. Therefore, Z J5u4(7 is measured by ^ arc ANB, (§ 196) 

9. Then, ZAGB==ZBAC = ZA'. (?) 

10. Hence, every Z inscribed in segment JJfJ5 equals Z J.'. 

(§ 193) 

Ex. 52. From a given point without a circle to draw two equal secants 
terminating in the circumference. Can more than two be drawn ? 

Ex. 53. Trisect a right angle. 

(In general, an angle cannot be trisected by methods of Euclidean 
geometry.) 

Ex. 54. In a circle whose radius is 12, draw a chord whose length is 
8, parallel to a given line. 

Ex. 55. One of the equal sides of an isosceles triangle is 8, and one 
of the equal angles 30°. Construct the triangle. 

Ex. 56. The distance between two parallel lines is a, and a line is 
drawn intersecting these two parallels. Construct a circle which shall be 
tangent to the three lines. How many such circles are possible ? 

Ex. 57. The sides of a triangle are a, 6, and c, respectively. The 
angle opposite b is twice, and the angle opposite c three times, the angle 
opposite a. Construct the triangle. 

Ex. 58. The base of an isosceles triangle is 10, and the perimeter 18. 
Construct the triangle. 

Ex. 59. In a rhombus ABCD, ZA is twice Z 5. The shorter diag- 
onal is 9. Construct the rhombus. 
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Bs. to* Two angles of an insoribed quadrilateral are 90"" and eO'', 

respectively. Find the remaining angles and inscribe the quadrilateral 
in a given circle. Can more than one such quadrilateral be inscribed ? 

B*. 61. One side of a triangle is three-fourths another, and three- 
fifths the third side. The perimeter of the triangle is 48. Construct the 
triangle. 

Xht. 62. A given point lies within, without, or on the circumference 
of, a circle. With the given point as centre, describe a oiroumference 
passing through the extremities of a given diameter of the circle. 

Ex. 63. We define the angle between two intersecting ounres as the 
angle formed by tangents to the curves at their point of interseotioc. 
With a point outside a given circle as a centre, describe an arc which 
shall intersect the given circumference at right angles. 
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PEOPOBTION.-8IMILAB POLT(K)NS 
DEFINITIONS 

210. A Proportion is a statement that two ratios are equal 

211. The statement that the ratio of a to 6 is equal to the 
ratio of c to d is written 

b d 

212. In the proportion ^ » 1, we call a the first term, b the 

b a 

second term, c the third term, and d the fourth term. 

213. We call the first and fourth terms the extremes, and 
the second and third terms the means. 

We call the first and third terms the antecedents, and the 
second and fourth terms the consequents. 

Thus, in the above proportion a and d are the extremes, b 
and c the means, a and c the antecedents, and b and d the 
consequents. 

214. If the means of a proportion are equal, either mean is 
called a mean proportional between the first and last terms, 
and the last term a third proportional to the first and second 
terms. 

Thus, in the proportion - = -, 6 is a mean proportional be- 
b 
tween a and c, and c a third proportional to a and 6. 

215. In the pre 

tional to a, b, and c. 



215. In the proportion ^ = % d is called a fourth propor- 
b d 
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Prop. 1. Theorem 

216. In any proportion, the product of the extremes is equal to 
'the product of the means. 

Given the proportion ^ = ^. (1) 

a 

To Prove ad = he. 

Proof. Multiplying both members of equation (1) by hd, 

ad = bc, 

217. Applying the above theorem to the proportion 

/ac. 



-- = -, we have b^ = ac, ot b=^ Va 



b c 

That is, the mean proportional between two numbers is equal to 
the square root of their product. 

Prop. II. Theorem 

218. (Converse of Prop. I.) If the product of two numbers 
is equal to the product of two others, one pair may be made the 
extremes, and the other pair the means, of a proportion. 

Given ad=:bc. (1) 

To Prove - = ^. 

b d 

Proof. Dividing both members of (1) by bd, 

(id__bc 2i — l 
bd^bd'^^ b'^d' 

In like manner, we may prove - = - ; - = - ; etc. 

c d a c 

Prop. III. Theorem 

219. In any proportion, the terms are in proportion by Alter- 
nation; that is, the first term is to the third as the second term 
is to the fourth. 

Given the proportion - = -. (1) 

a 
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To Prove 5 = ^. 

c d 

Proof. From (1), ad = be. (§ 216) 

Then, 2 = 1 (§218) 

Prop. IV. Theorem 

220. In any proportion, the terms are in proportion by Inver- 
sion ; that iSy the second term is to the first as the fourth term is 
to the third. 

Given the proportion - = -. (1) 

a 

To Prove ^ = ^. 

a c 

Proof. From (1), ad = be. (?) 

Then, ^ = ^. (?) 

a c 

Prop. V. Theorem 

221. In any proportion, the terms are in proportion by Com- 
position ; that is, the sum of the first two terms is to the first 
term as the sum of the last two terms is to the third term. 

Given the proportion ^ = §• 0-) 

To Prove 

a c 

Proof. From (1), ad = bc. (?) 

Adding both members of this equation to ac, 

ac -{- ad = ac -{- be, or a(c -f- c?) = c(a H- b). 

Then, 5^±^ = ^i^ (§ 218). (2) 

a c 

TIM a + b c 4- d 

In like manner, we may prove ^ = ^ . 



a 
b^ 


c 
d 


a-\-b 


_c + d 
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Pbop. VI. Theorem 

222» In any proportion, the terms are in proportion by Divi- 
sion ; that iSy the difference of the first two terms is to the firsi 
term os the difference of the last two terms is to the third term, 

Oiven the proportion t = 4- (1 ) 

a 

To Prove 2Ln^=,2^, 

a c 

Proof. From (1), ad = be, (?) 

Subtracting both members from a^, 

ac-'ad = a/c — be, or a(c — d) = c(a — &). 

Then, ^i^ « ^^ (§ 218). (2) 

a c 

VI .1 d — h c — d 

In like manner, we prove = . 

& d 

Prop. VII. Theorem 

223. In any proportion, the terms are in proportion by 
Composition and Division; that is, the sum of the first two 
terms is to their difference as the sum of the kmt two terme is 
to their difference. 

Given the proportion 7 = ~ • 
b d 

To Prove a±h c±d 

a— c — a 

Proof. Dividing equation (2), § 221, by equation (2), § 222, 

a 4- & _ c -\-d ^ 

a — b c — d 
Ez. 1. What is the ratio of 50 cents to $1J ? of } hour to 1 day? 
of 160 rods to 1 mile? 

Xix. 2. If a; is a fourth proportional to a, 6, c, find x. 
Ex. 3. Apply composition and division to the following: 
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Prop. VIII. Theorem 

224. In a series of equal rcUios, the sum of all the antecedents 
is to the sum of all the consequents as any antecedent is to its 
consequent. 

Proof. We have ba = ab. 
And from (1), bo = orf, 

and be = af (?) 

Adding, ba -\- be + be =i db -{- ad + af. 
Or, 6(a-h c -h e) « a(b + d +/). 

Then, pl±tl = i. (?) 

' b^d+f b ^ ^ 

225, The ratio of two magnitudes of the same kind is equal 
to the ratio of their numerical measures when referred to a 
common unit (§ 183). 

Then, in every proportion involving the ratio of magnitudes 
of the same kind, we shall regard the ratio of the magnitudes 
as replaced by the ratio of their numerical measures when 
r^efHTed to a common unit. 
Thus, if AB and CD ate lines, and 
AB^m 
CD n' 

where m and n are numbers, this means simply that the ratio 
of the numerical measures of AB and CD, when referred to a 
common unit, is equal to the ratio of m to n. 
Ex. 4. Find a third proportional to Y ^^^d ^* 
Ex. 5. Find a mean proportional between f | and •^^. 

fix. 6. If the ratio of the hypotenuse of a right triangle to one of the 
legs is 2, the acute angles are 30° and 60°. 

Ex. 7. Each of two angles of a triangle is 46®. Find the ratio of the 
sides opposite these angles. 
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Ex. 8. Two angles of a triangle are 30° and 60°, respectively. Find 
the ratio of the sides opposite these angles. Is the ratio commensurable ? 

PROPpRTIONAL LINES 

226. Def . Two straight lines are said to be divided propor- 
tionally when their corresponding segments are in the same 
ratio as the lines themselves. 

Thus, lines AB and CD are divided pro- 
portionally if 

AE^BE^AB 
CF DF CD' 

Prop. IX. Theorem 

227. A parallel to one side of a triangle divides the other two 
sides proportionally. 

Case I. When the segments of each side are commensurable. 
A 



A 

1 


E 

1 


B 

1 


C 

1 


1 


D 

1 



^ 




pi XJg 



/ ^'- ^^ 

^ Draw A ABC, Take D, a point in AB, such that AB and DB are 
commensuraWe ; draw DE II BG^ meeting AC at E. We then have : 

Given, in A ABC, segments AD and BD of side AB com- 
mensurable, and line DE II BC, meeting AC at E. 

To Prove 4? = ^. 

BD CE 

Proof. 1. Let ^i^be contained 4 times in AD, 3 times in BD. 

2. Find ratio of AD to BD. 

3. Through points of division of AB draw lis to BC. 

4. Find ratio of AE to CE. (§ 128) 

5. From steps (2) and (4), |f = ^- (?) 
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Case n. When the segments of each side are incommensurable. 

A 



Draw figure in accordance with the statement of the proposition. We 
then have : 

Given, in A ABC, segments AD and BD of side AB incom- 
mensurable, and line DE li BC, meeting AC Sit E, 

To Prove 4^ = ^. 

BD GE 

Proof. 1. Let AD be divided into any number of equal 
parts, and let one of these parts be applied to BD as a unit of 
measure. 

2. Since AD and BD are incommensurable, a certain num- 
ber of the equal parts will extend from D to jB', leaving a 
remainder BB^ < one of the equal parts. 

3. Draw line jB'C II BC, meeting AC at C. 

4. Then, AD and B^D are commensurable, and ^ 

AD ^AE 
B'D OE 

5. Now, if the number of subdivisions of AD be indefinitely 
increased, the unit of measure will be indefinitely diminished, 
and the remainder BB^ will approach the limit 0. 

6. Then, ^ will approach the limit — , 

jB'D ^^ BD 

AE AE 

and -r— - will approach the limit — — 

OE ^^ CE 

7. By the Theorem of Limits, these limits are equal. (?) 

ft rpi^nr. -4Z> AE 

8. Then, - =--. 



— (Case I) 
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The above result simply means that the ratio ol tbe numerical moMores 
of lines AD and BD^ when referred to a common unit, is equal to ratio 
of the numerical measures of lines AE and GE^ when referred to a com- 
mon unit. 

A similar meaning is attached to every proportion involving the ratio of 
two geometrical magnitudes of the same kind. (Compare § 225.) 

228. Applying the theorem of § 221 to the proportion of 
§ 227, we have 

AB AE ' AD AE ^^ 

In like manner, %^^' (2) 

Again, applying the theorem of § 220 to the proportiooa (1) 
and (2), we obtain the proportions 

AC AE' AC OE 

rrk^„ w A^ 1 AB AD BD >qv 

TheubyAx.l, ^^-^^^CE* ^^^ 

The proportions (1), (2), and (3) are all included in tbe 
statement of Prop. IX : 

A parallel to one side of a triangle divides the other two sides 
proportionally. 

Prop. X. Theorem 

289. (Converse of Prop. IX.) A line which divides two sides 
of a triangle proportionally is parallel to the third side. 




Draw A ABC, Draw line DE dividing AB and AC proportionally at 
D and E, respectively. We then have : 
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Given, in A ABC, line DE meeting AB and AO at D and E, 
respectively, so that 

AB^AC 
AD AE 

To Prove DE \\ BO, 

Proof. 1. If DE is not II BC, draw line DFW BC, meeting 
AC at F. 



3. But by hyp., 



AB_AO 
AD AE' 



4. Then, 4^ = 4^ ot AE == AF. (?) 

' AE AF ^ ^ 

5. Then, line DF coincides with DE, and line DE is II BC. 

(Ax. 3) 

Prop* XI. Theorem 

230. In any triangle, the bisector of an angle divides the 
opposite side into segments proportional to the adjacent sides. 

Draw A ABC, Draw line -4Z), bisecting AA^ meeting BC Bt D. We 
tlien have : 

\ Given line AD bisecting Z ^ of A ABC, meeting BC at D, 
J To Prove DB^AB 

Proof. 1. Draw line BE II AD, meeting CA extended at E*, 
represent A BAD, CAD, and ABE by a, b, c, respectively. 

2. We have /Lc::^/.a. (?) 

3. Also, ZE^Zb. (?) 

4. By hyp., Za^ Zb, 

5. Then, Zc = ZE. (?) 

6. Then, AB = AE, (?) 
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'■ "^'^^ fc=fc' <^> 

231. Def . The segments of a line by a point are the dis- 
tances from the point to the extremities of the line, whether 
the point is in the line itself, or in the line extended. 

Ex. 9. Three parallels cut segments 5 and 3, respectively, from a line 
drawn at random across them. What is the ratio of the segments cut 
from another line drawn across these three parallels ? 

-7 ^ Ez. 10. A line 15 inches long is parallel to the base of a triangle. 
It divides the sides in the ratio of 3 to 2. Find the base. 



Prop. XII. Theorem 

/) 232. In any triangle the bisector of an exterior angle divides 
\ the opposite side externally into segments propoHional to the ad- 
jacent sides. 

Draw A ABC. Extend CA to E and draw line AD bisecting /. BAE, 
meeting CB extended at D. We then have : 

Given line AD bisecting ext. Z BAU of A ABO, meeting CB 
extended at D, 
To Prove DB^AB 

DC AC 

(Draw BFW AD-, then AABF=ZAFB, and AF == AB] 
BF is II to side AD of A ACD.) 

The above theorem is not true for the exterior angle at the vertex of an 
isosceles triangle. 

Ex. 11. The base of a triangle is 26, and the other sides are 15 and 
16, respectively. Draw a line which shall be parallel to the base of the 
triangle, terminate in the sides, and be 21 in length. 

Ex. 12. One of the parallel sides of a trapezoid is double the other. 
In what ratio do the diagonals intersect ? 

Ex. 13. In a triangle ABC, AB = 12, BC = 16, CA = 13. Find the 
segments into which the bisector ot Z B divides the opposite side. 

Ex. 14. The sides of a triangle are S^ 10, and 12 ; find the segments 
of the side 12 made by the bisector of the opposite angle. 
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Ex. 15. The sides of a triangle are AB = 6, BC = 7, CA = 8. Find 
the length of the segments into which the bisector of the exterior angle 
at B divides AC. 

SIMILAR POLYGONS 

233. Def. Two polygons are said to be similar if they are 
mutually equiangular (§ 121), and have their homologous sides 
proportional. 



B' 





E D F D' 

Thus, polygons ABCj;)E and A'B'C'D'E^ are similar if 



and, 



ZA = ZA', ZB = ZB\ etc., 

AB BC CD 

-, ere. 



AB' B'C CD' 
23^. The following are given for reference : 

1. In similar polygons, the homologous angles are equal. 

2. In similar polygons, the homologous sides are proportional. 

Prop. XIII. Theorem 

235. Two triangles are similar when they are mutually equi- 
angular. 



A* 




^ 



Draw A ABC] also, A A'B'O having A A' = AA, AB' = AB, and 
AC -AC. We then have : 

Given, in A ABC and A!B'0, 

ZA=:ZA',ZB = ZB',a,ndZC= ZO. 
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To Prove A ABC and A^BC similar. 

Proof. 1. Place AAB'O in position ADE; Z A' coi 
ing with Z A, vertices B' and C falling at D and E^ 
tively, and side B^O at DE. 

AB^AC 
AD AE 

AB AC 



2. We have -7-- = - 



(I 



3. Then, 

' AB' A'C 

4. In like manner, by placing B' at J5, 

AB BC 



5. Then, 



A'B' 
AB 



B'a 
AC 



BO 

B'O' 



A'B' A'C 

6. Then A ABC and A'B'C have their homologous^'s 
proportional, and are similar. (§ 

The following are consequences of § 235 : 

236. Two triangles are similar when two angles of one 

equal respectively to two angles of the other. 

For their remaining A are equal each to each. (§ j 

237. Two right triangles are similar when an acute angh^ 
one is equal to an acute ajigle of the other. 

238. If a line be drawn between two sides of a triangle panjm 
to the third side, the tnangle formed is siwi- 
ilar to the given triangle. 

For the triangles are mutually equiangu- 
lar. (§ 76) 

239. Note. In similar triangles, the ho- 
mologous sides lie opposite the equal angles. 

Ex. 16. Find the sides of a triangle similar to that in Ex. 14, Ml 
side being 9. Does more than one triangle satisfy this condition ? 

Ex. 17. Each of two isosceles triangles has a vertical angle of 32^. 
Do their homologous sides form a proportion ? Why ? 





PLATE V 




PLATE V! 
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Prop. XIV. Theorem 

24Q. Two Mangles are similar when their homologous sides 
are proportional, 
A 




Draw ^ ABC and A'B'C having their homologous sides proportional. 
We then have : 



Given, in A ABO and A'B'O', 

AB ^AO ^ BO 
A'B'^A'C B'C' 

To Prove A ABC and A'B'O similar. 



(1) 



Proof. 1. On AB and AO, take AD =» AB and AE = ^'(7 ; 
and draw line DE. 

2. Smce^ = ^ DEWBO. (§229) 

a Then A ADE and ABC are similar. (§ 238) 

5. Then D^ = B'C by comparing this with (1). 
^6. Then AylZ>^ = A^'^'C/. - (?) 

7. Then, A^'5'C" is similar to A ABC. 

Ex. 18. The sides of a triangle are 7, 12, and 14. If the side of a 
similar triangle homologous to 12 is 18, find the remaining sides of the 
second triangle. 

Ex. 19. The diagonals of any trapezoid divide each other proportionally. 

Ex. 20. A post a feet high casts a shadow h feet long. At the same 
time, a tree casts a shadow c feet long. Find the height of the tree. 
What theorem of proportion is involved ? 
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241. Note. To prove two polygons in general similar, it 
must be shown that they are mutually equiangular, and have 
their homologous sides proportional (§ 233) ; but in the case 
of two triangles, each of these conditions involves the other 
(§§ 235, 240), so that it is only necessary to show that one of 
the tests of similarity is satisfied. 

Prop. XV. Theorem 

242. Two triangles are similar when they have an angle of one 
equal to an angle of the other, and the sides including these angles 
proportional 

Draw ^ ABC and A'B'C having ZA = ZA', and the sides including 
these sides proportional. We then have : 

Given, i^ A ABO and A^B'C, ZA = ZA', and ^, = ^. 

To Prove A ABC and A'B^C similar. 

(Place AA'B'C upon A ABC so that Z J.' coincides with 
Z A and vertices B' and C fall at Z> and E, respectively ; by 
§ 229, BE II BC; the theorem follows by § 238.) 



Prop. XVI. Theorem 

243. Two triangles are similar when their sides are paraUd 
each to each, or perpendicular each to each. 

C 
A' 




^. 




B^ -Q B' a' 

Fig. 1. Fig. 2. Fig. 3. 

Draw ^ ABC and A'B'C^ in accordance with the statement of the 
proposition. We then have : 

Given sides AB, AC, and BC, of A ABC, II respectively to 
sides A^B\ AC, and B'C of A A'B'C in Fig. 2, and ± respec- 
tively to sides A'B', A'C, and BO of A A'B'C in Fig. 3. 
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To Prove A ABC and A'B'O similar. 

Proof. 1. A A and A' are either equal or supplementary, as 
also are B and B', and O and O'. (§§ 81, 82, 83) 

2. We may then mal^e the following hypotheses with regard 
to the A of the A : 

L A-{-A' = 2vt.A,B-{-B' = 2TtA, (7+C7' = 2rt. A 

IL ^-h^' = 2rt. ^, 5 + ^' = 2rt. ^, 0=0'. 

IIL ^ + ^' = 2rt. 4 5 = 5', (7+C' = 2rt. A 

IV. A = A', jB4-J5' = 2rt. z^, C+C" = 2 rt. A 

V. ^ = ^', 5 = 5, whence C= (7. (§87) 

3. The first four hypotheses are impossible; for, in either 
case, the sum of the A of the two A would be > 4 rt. A. (§ 84) 

4. We then have only A = A',B = 5', and 0=C. 

5. Therefore, A ABO and A'B'O' are similar. ^ (§ 235) 

244. Note. 1. In similar triangles whose sides are parallel 
each to each, the parallel sides are homologous. 

2. In similar triangles whose sides are perpendicular each to 
each, the perpendicular sides are ho'j^.ologous, 

Xiz. 21. The bisectors of the equal angles of an isosceles triangle ex- 
tended to meet the equal sides are divided proportionally. 

Xiz. 22. The altitudes to the equal sides of an isosceles triangle inter- 
sect in a point such that the product of segments of one equals the product 
of the segments of the other. 

Ex. 23. The diagonals of inscribed quadrilateral ABCD intersect at 

O. If OB and OS are the altitudes of triangles OBC and OAD, respec- 

,. , .' OB BC 

tively, prove — = — . 

Prop. XVII. Theorem 

245. The homologous altitudes of tivo simitar triangles are in 
the same ratio as any two homologous sides. 

Draw A ABC, and line AD JL BC. Dro.w A A' B' C\ makm^ZB'A'C' 
= ZBACsindZB' = ZB'y draw line A'D* _L B' C. We now have : 

Given AD and A'D' homologous altitudes of similar A ABO 
and A'B'C. 
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ToProve . AD^AB^AC^Bg_ 
A'D' A'B' A'C B'Cr 

(Rt. A ABD aiid A^B^D^ are similar by § 237.) 

Prop. XVIII. Theorem 

246. Two polygons are similar ivhen they are composed of the 
same number of triangles, similar each to each, and similarly 
placed. 

A 

A' 
£4 





Draw polygon ABODE; from JS draw diagonals EC and EB. Con- 
struct A E'D'C similar to A EDC, sides DC and D'C being homolo- 
gous ; on E' C'y homologous to j&C, construct A E' C'B' similar to A BOB ; 
on E'B', homologous to EBy construct A E'B'A' similar to A EBA. We 
then have : 

Given, in polygons AC and A'C'f A ABE similar to A 
A'B'E', A BOE to A B'CE'y and A CDE to A CD'E*. 
To Prove polygons AO and A'C are similar. 

Proof. 1. A ABE and A'B^E' are similar ; find equal parts 
of these A, 

2. A BCE and B'OE' are similar; find equal parts of 
these A. ^ 

3. Now, Z ABE + Z EBC=Z A'B'E' -{-Z E'B'C, OT 

ZABC = ZA'B'a. 

4. In like manner, Z BCD = Z B'O'D', etc.; and AC and 
A'O are mutually equiangular. 

5. Then 4i. = S and -^. = 4^. ; whence ^^ ^^ 



A'B' B'B^ B'E' B'C' A'B' B'C' 

6. In like manner, 4^ = ^«-^, etc. 

' A'B' B'C CD'' 

7. Then AC and A'C are similar. (§ 233) 
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Prop. XIX. Theorem 

247. (Converse of Prop. XVIII.) Two similar polygons may 
he decomposed into the same number* of triangles, similar each to 
each, and similarly placed. 





Draw similar polygons ABODE, A'B'C'D'E^, vertices E, E' being 
homologous J and diagonals EB^ EC, E'B', E'C. We then have : 

Oiven E and E^ homologous vertices of similar polygons AO 
and A'C, and lines EB, EG, E'B', and E'O. 

To Prove A ABE similar to A A'B'E', A BOE to A B^O'E', 
SLud A ODE to A CD' E', 

Proof. 1. In similar polygons, the homologous A are equal, 
and the homologous sides proportional. 

2. TJien A ABE and A'B'E' are similar. (§ 242) 

3. Using other A and sides of AC and A'C, and of A ABE 
and A'B'E', prove A BOE and B'OE' similar. 

4. In like manner, prove A CDE and C'D'E' similar. 

Prop. XX. Theorem 

248. The perimeters of two similar polygons are in the same 
ratio as any two homologous sides. 

Draw similar polygons ABODE, A'B'C'D'E', vertices A, A' being 
homologous. We then have : 

Given AB and A'B', BO and B'O, OD and CD', etc., 
homologous sides of similar polygons AC and A'O, 
To Prove 

AB + BC+ OD + etc. ^AB^BO^OD . 
A'B' -{■B'C'-\' CD' -{• etc, A'B' B'C CD" ' 
(Apply § 224 to the equal ratios of § 233.) 
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Hx. 24. From any point in the base of an isosceles triangle perpen- 
diculars to the equal sides are drawn. Prove that these perpendiculars 
form equal angles with the base and that they are proportional to the seg- 
ments they cut oS. from the equal sides ; the segments being measured 
from the extremities of the base towards the vertex. 

Ex. 25. A straight line bisecting the exterior angle at the vertex of a 
triangle is parallel to the base ; find the ratio of the sides of the triangle. 

Prop. XXI. Theorem 

249. If a perpendicular be drawn from the vertex of the right 
angle to the hypotenuse of a right triangle, 

I. The triangles formed are similar to the whole tnangle, and 
to each other. 

II. Tlie perpendicular is a mean proportional between the 
segments of the hypotenuse, 

III. Either leg is a mean pjf^fbrtional between the whole 
hypotenuse and the adjacent segmem^ 

Draw A ABC, with rt. Z at O ; also, linft^D ± AB. We then have : 

Given line CD ± hypotenuse AB of rt. A ABC. 

To Prove A ACD and BCD similar to A ABC, and to each 
other; also, 

AD^GD AB^AC ^^^AB^BC 
CD BD\ AC AD' BC BD 

Proof. 1. Rt. A ACD and ABC are similar. (§ 237) 

2. In like manner, A BCD and ABC are similar. 

3. Then, A ACD and BCD are similar. 

4. In similar A, homologous sides lie opposite equal ^ 
(§ 239); find sides of A BCD homologous to sides AD and CD 
of A ACD, 

5. Then, AD^GD (§234,2) 

' CD BD ^ '^ 

6. In like manner, from A ABC and ACD, and A ABC and 
BCD, 

AB^AC . AB^BC 
AC AD' BC BD' 
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250. Since an angle inscribed in a semicircle is a right angle 
(§ 194), it follows that : 

If a perpendicular he drawn from any point 
in the circumference of a circle to a diameter, 

1. The perpendicular is a mean propor- 
tional between the segments of the diameter, 

2. The chord joining the point to either extremity of the 
diameter is a mean proportional between the whole diameter and 
the adjacent segment 

251. We have from the three proportions of § 249, 

ag' = a:^x ad, 

and W = ABx BD, (?) 

Hence, if a perpendicular be dra%on from the vertex of the right 
angle to the hypotenuse of a right tritmgle, ' 

1. The square of the perpendicular is equal to the product of 
the segments of the hypotenuse. 

2. The square of either leg is equal to the product of the whole 
hypotenuse and the adjacent segment. 

These equations mean that the square of the numerical measure of CD 
equals the product of the numerical measures of AD and BD\ etc. 
(Compare § 225.) 

Ex. 26. The non-parallel sides AD and BC oi trapezoid ABCD 
intersect at .0. If AB = 16, CD = 24, and the altitude of the trapezoid 
is 8, what is the altitude of triangle OAB ? 

Ex. 27. Given two similar triangles, and the altitude of the first 
double the homologous altitude of the second. Find the ratio be- 
tween the radii of the circles circumscribing 
these triangles. 

Ex. 28. If two circles are tangent internally, 
and a chord of the greater is a tangent to the 
smaller, and if through the points of contact a 
chord of the greater circle be drawn, then the 
chords joining the extremities of the tangent 
and the chord form two pairs of similar triangles. 




L^- 
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Bx. 29. The perimeters of two similar polygons are A and B feet, 
respectively. If a side of the first is a feet, find the homologous aide of 
the second. 

Ex. 30. The perimeters of two similar polygons are in the ratio of 4 to 
6. If the perimeter of the second is 200, what is the perimeter of the first ? 
If the ratio is^ to J3 and a side of the second is b, what is the homologous 
side of the first ? 

Ex. 31. Give a method for stretching strings which mark out a 
rectangular building for the excavators. 

Ez. 32. The legs of a right triangle are 12 and 16. Find the length 
of the perpendicular from the vertex of the right angle to the hypotenuse. 

Ez. 33. In any right triangle if a perpendicular be drawn from the 
vertex of the right angle to the hypotenuse, the hypotenuse is to either 
leg as the other leg is to the perpendicular to the hypotenuse. 

Prop. XXII. Theorem 

252. In any right triangle, the square of the hypotewiise is equal 

to the sum of the squares of the legs. 

Draw A ABC with rt. Z at C. We then have : 
Given A ABC^ with rt. Z at O. 
To Prove AB" = ACf-\- W. 

Proof. 1. Draw line CD ±^B, 

2. Then, AC' = AB x AD, 

and W^ABx BD. (§ 251, 2) 

3. Adding, AJCf -{-BCf = AB x {AD^- BD) =^ AB y. AB. 

4. Then, A& = A^ -{-BCK 

253. It follows from § 252 that 

A(f=Aff- B^, an d ~BCf = aS" - ZC*. 

That is, in any right tnangle, the square of either leg is equal 
to the square of the hypotenuse, minus the square of the other leg. 

Ex. 34. If D is the middle point of side BC oi right triangle ABC^ 
and DE be drawn perpendicular to the hypotenuse AB^ prove 

aS^ - OB^ = AE^ - EB^. 
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Ex. 35. One leg of a right triangle is double the other. Find the 
ratio of the segments of the hypotenuse formed by a perpendicular drawn 
from the vertex of the right angle to the hypotenuse. 

Rr 36. In an isosceles triangle ABC<, the altitude CE is extended to 
2), so that ABAE — 30°. It is then found that AE is a mean propor- 
tional between OE and ED, Find AB in terms of AC, 

Ex. 37. If from the sum of the squares of the diagonals of a square 
we subtraot the sum of the squares of the four sides of the square, the 
result is zero. 

254. Deft. The projection of a point upon a straight line of 
indefinite length, is the foot of the perpen- 
dicular from the point to the line. 

Thus, if line AA^ be perpendicular to line j 
CD, the projection of point A on line CD is I I 

point A\ 



CAT 



B'D 



The projection of a finite straight line upon a straight line of 
indefinite length, is that portion of the second line included 
between the projections of the extremities of the first. 

Thus, if lines AA' and BB^ be perpendicular to line CD, the 
projection of line AB upon line CD is line A'B\ 

Prop. XXtll. Theorkm 
256. In any triangle, the square of the side opposite an aciUe 
angle is equal to the sum of the squares of the other two sides, 
minus twice the product of one of these sides and the projection of 
the other side upon it. 

A A 





C B 

Fio. 1. Fio. 2. 

Draw acute-angled A ABC ; draw also A ABC having an obtuse angle 
at B. Let CD be projection of CA upon CB. We then have : 

Given C an acute Z of A ABC, and CD the projection of 
side AC upon side CB, extended if necessary. (§ 254) 
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To Prove jDe? =^BC^ + AC^ ^2B0xCD, 

Proof. 1. Draw line ^1Z>; ih^n, ADJLCD. (§254) 

2. There will be two 
cases according as D falls 
on CB (Fig. 1), or on CB 
extended (Fig. 2) ; in each 
figure express BD in terms 
of BC and CD, 

3. Square both members of each of these equations. 

4. Add AD to both members of the result. 

5. Find values of AD^ + B& and AD' +C& from the 
figures. (§ 252) 

6. Then, Zb" = J50' + 30" - 2 50 X C2>. 

Prop. XXIV. Theorem 

256. In any triangle having an obtuse angle, the square of the 
side opposite the obtuse angle is equal to the sum of the squares 
of the other two sides, plus twice the product of one of these sides 
and the projection of the other side upon it. 

Draw A u4^C having an obtuse angle at C; draw -42) ± BC, meeting 
BC extended at D. We then have : 

Given C an obtuse Z of A ABG, and CD the projection of 
side AO upon side BO extended. 

To Prove AB^ = BC^ + AC" + 2 i5C x CD. 

(We have BD = BC + CD ; square both members, using 
the algebraic rule for the square of the sum of two numbei-s, 
and then add AD to both members.) 

Ex. 38. In any triangle, if a perpendicular be drawn from the vertex 
to the base, the sum of the other sides of the triangle is to tjie sum of the 
si^anents of the base as the difference of the segments of the base is to 
the difference of the sides. 

Bx. 39. In right triangle ABC, BC^ = 3 ACf- If line CD be drawn 
from the vertex of the right angle to the middle point of AB, prove ZACD 
equal to 60°. 

Bx. 40. If in triangle ABC, ZC = 120*', prove 
AB^ = BC^+ AG^ +^C X BC. 
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XSz. 41. CD is a chord of the greater of two 
concentric circles, intersecting the smaller cir- 
cumference at A and B. CD is 40, Z ^ OB is 60°, 
and AB equals BD ; find distance CO and the 
distance from to CD, 

Prop. XXV. Theorem 

257. In any triangle, if a median he drawn from the vertex 
to the base, 

I. The sum of the squares of the other two sides is equal to 
twice the square of half the base, plus twice the square of the 
median, 

II. The difference of the squares of the other two sides is equal 
to twice the product of the base and the projection of the median 
upon the base, q 




Draw A ABC having ZB> ZAy and CD a median meeting AB at D, 
Draw line CE ± AB. We then have : 

Oiven DE the projection of median CD upon base AB (c) of 
A ABC', and AC (b) > BO (a). 

To Prove 5^ ^ a^ = 2 A& + 2 Cff, (1) 

and 62 _ ^2 ^ 2 c X DE, (2) 

Proof. 1. Since b > a, E lies between B and D ; and 
Z ADC is obtuse, and Z BDO acute. 

2. In A ADC, b^ = Iff +C& +2ADxDE (§ 256) 

= Aff + CD^ + cxDE. (3) 

3. In A BDO, a^ = B& -{- CD" - 2 BD x DE (§ 255) 

= Al? +CD'-cx DE, (4) 

4. Adding and subtracting (3) and (4) gives (1) and (2). 
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Ex. 42. One side of an inscribed quadrilateral is 14. The diameter 
of the circle is 24. Find the distance of this side from the centre of the 
circle correct to three decimal places. 

Ex. 43. The radii of two concentric circles are a and 6, respectively. 
Find the length of a chord of the greater which is tangent to the smaller. 

Ex. 44. Two unequal circles are tangent externally at J.. BC and 
DE are secants drawn thrbugh A, and terminating in one circumference 
at B and 2), in the other at C and E. Chords BD and CE are drawn, 
forming triangles ADD, ACE. Prove AB x AE = AC x AD. 

Ex. 45. If a median of a triangle is perpendicular to the side, the tri- 
angle is isosceles. 

Ex. 46. One of the equal sides of an isosceles right triangle is 12 inches 
in length ; find the length of the median drawn to the hypotenuse. 

Ex. 47. Two parallel chords are 6 inches apart. The length of the 
smaller chord is 14 inches, and that of the greater is 82 inches. Find the 
distance of the smaller chord from the centre. 

Ex. 48. If D is the middle point of side BC of triangle ABC, right- 
angled at C, prove Iff - Iff = 3 CD^. 

Prop. XXVI. Theorem 

258. If any two chords he drawn through a fixed point wUhin 
a circle, the product of the segments of one chord is equal to th 
j)roduct of the segments of the other* 

Draw a O ; let P be any point within it. Through P draw two 
chords AB and A'B'. We then have: 

Oiven AB and A^B^ any two chords passing through fixed 
point P within O AA'B. 

To Prove AP x BP= A'P x B'P. 

Proof. 1. Draw lines A A' and i?JB'. 

2. A A and B' are measured by one-half the same arc, as 

also are A A' and B. (?) 

8. A AA'P and BB'P are similar. (§ 236) 

4. Find sides of A BB'P homologous to sides AP and A'P 
oiAAA'P (§239) 

5. Then, tL^^:^-, and AP x BP=A'P x B'P, (?) 

A P jjP 
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ITote. If, in the figure of Prop. XXVI, chord AB be supposed to re- 
volve about point P as a pivot, the variable segments of the chord will 
have a constant product; and if one segment increases, the other decreases ^ 
in the same ratio. 

If, for example, AP were doubled, BP would be halved. 

If two variable magnitudes are so related that, if one increases, the 
other decreases in the same ratio, they are said to be reciprocally pro- 
portional. 

Thus, the segments of a chord by a fixed point are reciprocally pro- 
portional ; and the theorem may be written : 

If any two chorda he drawn through a fixed point within a circle^ their 
segments are reciprocally proportional. 

Bz. 49. Jn a triangle ABC, CD is a median and 4 C&=AG^-^ Cff, 
Prove that A^ equals AC^ plus four times the square of the projection 
of CD upon CB. 

Bx. 50. The sides of a triangle are 21, 20, and 18, respectively. Find 
the length of the median drawn to the side 18. 



51. The sides of a triangle are 21, 20, and 18. A median is 
drawn to the side 18. Find the projection of the median upon this side. 

Zbc. 52. Using values found in Ex. 60, find the altitude of the above 
triangle drawn to side 18. 

Bx. 53. The median drawn to the base of a triangle is ^. The other 
sides of the triangle are 12 and 5. Find the base and altitude. 



Bz. 54. Given a circle and a chord CD. Find a point P in the cir- 
PC^b 
PD S' 



PC 6 
cumference such that - — = -. 



Bx. 55. If, in triangle ABC, the altitudes AD, BE, and Ci^ intersect 

«f r^ r^t.^«^ OA OE „„ , OB OF 
at O, prove — = — and — = — . 

' ^ OB OD OG OE 

Bx. 56. Two sides of a parallelogram are a and h, respectively. Prove 
that the bisectors of the angles of the parallelogram form a rectangle, 
whose diagonal is 6 — a. 

Bx. 57. Two chords intersect in a circle. The segments of the first 
are 8 and 0. One segment of the second is 4j ; find the other. Also, if 
the segments of the first are a and h, and a segment of the second is c 
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Prop. XXVII. Theorem 

259. If through a fixed point without a circle a secant and a 
tangent be drawn, the product of the whole secant and its external 
segment is equal to the square of the tangent. 

Draw a O. Through P, any point without the O, draw line PC tan- 
gent to the O at C ; through P draw a secant intersecting the circum- 
ference at jB, and terminating in the circumference at A, We then have : 

Oiven AP a secant, and CP a tangent, passing through fixed 
point P without O ABC. 
To Prove APxBP= CP\ 

(Draw lines AC, EC. ZA = Z BCP, for each is measured 
by I arc BC (?) ; then A ACP and BCP are similar, and their 
homologous sides are proportional.) 

260. It follows from § 259 that if through a fixed point with- 
out a circle a secant and a tangent he drawn, the tangent is a 
mean proportional between the whole secant and its external 
segment. 

261. If any two secants be drawn through a fixed point with- 
out a circle, the product of one and its external segment is equal to 
the product of the other and its external 
segment. 

For if P be any point without O ABO, 
AP and A^P secants intersecting the 
circumference at A and B, and A and 
B\ respectively, and CP tangent to the 
O at C, then 

APxBP=A'PxB'P', 

for both AP x BP and A'P x B'P equal CP. (§ 259) 

Note. If any two secants be drawn through a fixed point without a 
circle, the entire secants and their external segments are reciprocally 
proportional. (Compare Note, § 268.) 

Ex. 58. Two chords, AB and CD, intersect at K. The centre of the 
circle is O. Cir= 8, KD = 6, Oir= 3. Find the radius of the circle. 
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Iix. 59. A tangent to a circle at a fixed point is 12 feet, and the 
diameter of the circle is 12 feet. Locate the point from which the 
tangent is drawn. 

IiX. 60. One side of an equilateral triangle is 16 ; find the altitude, 
correct to three decimal places. 

XSz. 61. One side of a square is 1 ; find the diagonal of the sqinare, 
correct to three decimal places. 

XSz. 62. A tangent 12 inches long and a secant 16 inches long are 
drawn from an external point to a circle. If the secant passes througli 
ibfi centre, find the radius of the circle. 

XSz. 63. If a secant be divided by the circumference in the ratio of 1 
to 2, what is the length of the tangent drawn to its extremity ? 

Pbop. XXVIII. Theorem 

262. In any triangle, the prodvxst of any two sides is equal to 
the diam.eter of the circumscribed circle, multiplied by the perpen- 
dicular drawn to the third side from the vertex of the opposite 
angle. 




Draw A ABC, Circumscribe a about it (§ 206) ; draw diameter AD, 
and line AE ± BC. We then have : 

Given AD a diameter of the circumscribed O ACB of A ABCy 
Bjid line AE± BO, 

To Prove AB x AC= AD x AE, 

(In rt. AABD and ACE, Z.D=zZC', then, the A are 
similar, and their homologous sides are proportional.) 

263. It follows from § 262 that in any triangle, the diameter 
of the circumscribed circle is equal to the product of any two sides 
divided by the perpendicular drawn to the third side from the vertex 
of the opposite angle. 
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Prop. XXIX. Theorem 

264. In any triangle^ the product of any two sides is equal to 
the product of the segments of the third side formed by the bisector 
of the opposite angle, plus the square of the bisector. 

Draw A ABC^ and line AD bisecting Z A, and meeting BC at D, We 
then have : 

Given, in A ABC, line AD bisecting Z A, meeting side BC at D. 
To Prove ABxAC=BDxDC +AB^, 
Proof. 1. Circumscribe a O about A ABC', extend AD to 
meet the circumference at E, and draw line CE. 

2. In A ABD and AGE, Z BAD = Z CAE, by hyp. 

3. Also ZjB = Z^. (?) 

4. Then, A ABD and ACE are similar. (?) 

5. Find sides of A ACE homologous to sides AB and AD of 
A ABD. (§239) 

6. Then, ^ = ^,ot ABx AC^AD xAE. (?) 

, AD A\j 

7. Then, ABxAC^ADx (DE + AD) =:ADxDE -hA&. 

8. Express AD x i)-E: in terms of BD and i>a (§ 258) 

265. The following cases iji which two triangles are similar 
will be found useful in solving original exercises. 

Two triangles are similar : 

When they have two angles of one equal to two angles of the other 
(§ 236). 

When their homologous sides are proportional (§ 240). 

When they have an angle of one equal to an angle of the other, and the 
sides including these angles proportional (§ 242). 

When their sides are parallel each to each, or perpendicular each to 
each (§ 243). 

Two right triangles are similar : 

When an acute angle of one is equal to an acute angle of the other 
(§ 237). 

Ex. 64. CD is a common chord of two equal circles. At C tangents 
are drawn to each circle and meet the circumferences in E and F, Prove 
AEDC equal to A DFC. 
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Ez. 65. In a circle whose centre is 0, CD Is a chord perpendicular 
to a diameter at any point F not the centre. At C a tangent is drawn, 

and BE perpendicular to the tangent. 



Prove ^ = /^^ 



OC CF 

Ez. 66. AB is a diameter of a circle with centre at O. OD is a chord 
perpendicular to AB at E. DF is a line through 0, and CF is perpen- 
dicular to DF, OC is drawn. Prove A COE similar to A DFC, 

Ez. 67. ABO is a right triangle, O any 
jwint in the hypotenuse AB. Through O two 
X>erpendioulars are drawn, one to the leg AC, 
the other to AB. These perpendiculars are 
extended to meet any line DE parallel to AB, 

at X and y, respectively. Prove ^ = -^. 

BC AB 




CONSTRUCTIONS 

Prop. XXX. Problem 

To construGt a fourth proportional ($ 216) to three given 
straight line^. 



m 



^B 



"^y 



dX 



my 



\ 



^...-.^.„_ 



"C 



F Q 

Given lines m, n, and p, 

Beqnired to construct a fourth proportional to m, w, and p. 
Constmotion. 1. Draw lines AB and AC, making any Z. 

2. OnAB take AD = m, and DB = n ; on AC take AF = p. 

3. Draw line DF, and line ^G^ II DF, meeting AC at (?. 

4. Then, -=^- 

' n FG 

TSn, If AF = w, the above proportion becomes — = -^» 

n FQ- 

In this case, F© is a ^^tVd proportional (§ 214) to m and n. 



(?) 
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Prop. XXXI. Problem 
268. To construct a mean proportional (§ 214) between two 
given straight lines, 

D 



Oiven lines m and n. a m ~B~~n"~c "e 

Beqnired to construct a mean proportional between m and n. 
Constmctioii. 1. On line AE, take AB = my and BC = n. 

2. With AC as a diameter, describe a semi-circumference, 
and draw line BD±AC, meeting the arc at D. 

3. Then, ^ = ^. (§250,1) 

^ 269. By aid of § 268, a line may be constructed equal to V«, 
where a is any number whatever. 

Thus, to construct a line equal to V3, we take AB equal to 
3 units, and BC equal to 1 unit. 

Then, BD = -s/ABxBC (§ 217) = VS'xl = V3. 

Prop. XXXII. Problem 
270. To divide a given straight line into parts proportional to 
any number of given lines. f^^q 



J?:-'" 



B> 



Oiven line AB^ and lines m, n, and p. 

Eequired to divide AB into parts proportional to m, n, and;). 

Construction. 1. On line AC take AD = m, DE = n, and 
EF=^p. 

2. Draw line BF\ and lines DG^ and EH II JJi^, meeting i5 
at G and ZT, respectively. 
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3. Then, AG^qH^M, (i) 

m n p 

Proof. 4. InAulE^H; 4^=^ = ^. (?) 

' AE m n ^ ^ 

5. In A ABF, ^=:??; whence, equation (1). (?) 

XSz. 68. Construct a fourth proportional to three lines whose lengths 
are 8, 9, and 12, respectively. 

XSx. 69. Construct a fourth proportional to 12, 8, and 6. 

ZfZ. 70. Construct a third proportional to lines whose lengths are 8 
and 6, respectively. 

Ez. 71. Construct a mean proportional to lines whose lengths are 
and 4. 

ZfZ. 72. Construct a line whose length is VB, 

Prop. XXXIII. Problem 

* 271. Upon a given side, homologous to a given side of a given 
polygon, to construct a polygon similar to the given polygon, 
D 



A B A' B' 

Given polygon ABODE, and line AB\ 

Bequired to construct upon side AB\ homologous to AB, a 
polygon similar to ABODE. 

Constmction. 1. Divide polygon ABODE into A by draw- 
ing diagonals EB and EO. 

2. Construct A A'B'E', ABE similar, with AA^^^ZA, 
and Z A'B'E' = Z ABE. (?) 

3. In like manner, construct A B'OE^ similar to A BOE, 
and A OD'E' similar to A ODE. 
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272. Def . A straight line is said to be divided by a given 
point in extreme and mean ratio when one of the segments 
(§ 231) is a mean proportional between the whole line and the 
other segment. 

D A C B 

t I I I 

Thus, line AB is divided internally in extreme and mean 
ratio at O if 

AB^AC, 
AC BC' 

and externally in extreme and mean ratio at D if 

AB^AD 
AD^BD' 

Prop. XXXIV. Problem 

273. To divide a given straight line in extreme and mean 
ratio (§ 272). 






4^ 



.-''I 



D A 

Given line AB. 

Eequired to divide it in extreme and mean ratio. 

Constmction. 1. With radius BE = \ AB, draw OBFO 
tangent to AB at B; and line AE cutting circumference at 
FandG. 

2. On AB take AC = AF; on BA extended take AD = AG ; 
then, AB is divided at O internally, and at 'Z> externally, in 
extreme and mean ratio. 

Proof. 8. Bv§261, ^ = ^;or^ = ^. (1) 

AB AF' AB AC ^ 
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4. Then, ^^^^8 = ^1^^^ (?). (2) 

5. By cons. AB = 2BE=FO. 

6. Then, AG- AB = Ae-FG = AF= AC. 

7. Substitute in (2), ^=|g; or^=|g(§ 220). (3) 

8. Againfrom (l),^^0^ = dB^ (,). (4) 

9. But AG + AB=AD+AB=BD; 

and AB + AC=FQ+AF=AD. (?) 

274. Putting AB = m, AC =^Xy BC «=m—xm (3), 



m 



-; or a*= m(m - a>). (§ 216) 



X m — x 

Then, 7? z=m^^ mx ; or aj* + ynx = m'. . 

Multiplying by 4, and adding m* to both members, 

4 0?^ -i- 4 mx + m' = 4 m* + m* = 5 m'. 

Extra.cting the square root of both members, 

2 aj 4- m = ±m VS. 

Since a? cannot be negative, we take the positive sign before 
the radical sign ; then, 

2x:=mV6^m; and a? (or JIO) = M ^^ - ^) , 

2 
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ABBAS OP POLYGONS 
Prop. I. Theorem 

27& Two rectangles having equal aUitudes are to each other 
as their bases. 

The words '* rectangle/^ ** parallelogram,*' " triangle," etc., in the 
propositions of Book IV, mean the amount of surface in the rectangle, 
parallelogram, triangle, etc. 

Case I. When the bases are commensurable. 

Bt \ [ \ \ t O F 



^ K 

Draw rectangles ABCD and EFGH having equal altitudes and the 
bases AD and EH commensurable. We then have : 

Given rectangles ABCD and EFGH, with equal altitudes 
AB and EF, and commensurable bases AD and EH. 

ABCD ^ AD 
EH 



To Prove 



(1) 



EFQH 

Proof. 1. Let ^4^ be contained 5 times in AD, and 3 times 
in EH, 

2. Find ratio of AD to EH. 

3. Through points of division of AD and EH draw Js to 
these lines. 

4. Find ratio of ^BCD to ^FG^S (§111) 

5. Prove equation (1) (?) 
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Case n. When the bases are incommensurable. 
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Draw rectangles in accordance with the statement. We then ha^e : 

Given rectangles ABCD and EFGH, with equal altitudes 
AB and EFy and incommensurable bases AD and EH, 
ABCD ^ AD 
EH' 



To Prove 



(2) 



EFGH 
Proof. 1. Divide AD into any number of equal parts. 

2. Let one of these parts be contained exactly in EK, with 
a remainder KH < one of the parts. 

3. Draw line KL ± EH, meeting FO at L. 

4. ByCasel, ABCD^AD 

^ ' EFLK EK 

5. Let number of subdivisions of AD be indefinitely increased. 

6. Find limits 4^!^ and ^, 

EFLK EK 

7. Prove equation (2) by Theorem of Limits. 

276. Since either side of a rectangle may be taken as the 
base, it follows that 

Two rectangles having equal bases are to each other as their 
altitudes. 

Prop. II. Theorem 

277. Any two rectangles are to each other as the products oj 
their bases by their altitudes. 



M 




y 
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Draw any two rectangles M and N, We then have : 
Oiven M and N rectangles, with altitudes a and a', and bases 
h and 6' respectively. 



To Prove f=^,. (1) 

N a'xb' ^ 



M 



N 



b h' b' 

Proof. 1. Let i^ be a rect. with altitude a and base b'. 

2. M and R have = altitudes ; and bases b and 6', respec- 
tively ; find ratio MtoEhy i 275. 

3. E and JV have = bases ; and altitudes a and a*, respec- 
tively; find ratio 72 to JV by § 276. 

4. Multiplying results of steps (2) and (3), gives (1). 

DEFINITIONS 

278. The area of a surface is its ratio to another surface, 
called the unit of surface, adopted arbitrarily as the unit of 
measure (§ 180). 

The usual unit of surface is a square whose side is some linear unit; 
for example, a square inch or a square foot, 

279. We call two surfaces equivalent (=0) when their areas 
are equal. 

The dimensions of a rectangle are its base and altitude. 

Prop. III. Theorem 

280. The area of a rectangle is equal to the product of its ha» 
and altitude. 

In all propositions relating to areas, the unit of surface (§ 278) is 
understood to be a square whose side is the linear unit. 




a 



Draw any rectangle Jtf, and a square N whose side la 1. We then 
have : 

Oiven a the altitude and b the base, of rect. M] and S the 
unit of surface, a square whose side is the linear unit. 
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To ProTe that, if Xis the unit of sarfaoe, 

aieaJfsax6. (1) 

Proof. 1. We have :^=5^. (§ 277) 

-y 1 xl • 

TLT 

2. ^ being unit of surface, - is area of Jf; whenoe equa- 
tion (1). 

Vote. The ttatement of Prop. Ill is an abbreyiation of the foUowfaig : 
If the unit of ^surface is a square whose aide ia the Unear tinit, the 
number which expresses the area of a rectangle is equal to the product of 
the numbers which express the lengths of its sides. 

An interpretation of this form is always understood in everj proposi- 
tion relating to areM. 

281. By § 280, tJie area of a square equals the square of its 
side. 

Ex. 1. Find the ratio of the area of a square to the product of its 
diagonals. 

Bx. 2. The area of a rectangle whose base is 24 is 432. Find the 
diagonal of the rectangle. 

Bx. 3. How many shing^ will it take to cover a roof 86 feet by 
18 feet (one side) with shingles that average 4 inches wide, 16 inches 
long, and are laid 6 inches to the weather ? 

Peop. IV. Theorem 

282. The area of a parallelogram is equal to the product of 
Us base and altitude. 

Dtaw £J ABCD, AD (6) being the base ; draw DF (a) the altitude 
meeting J?C at JP*. We then have : 

Oiyen b the base, and a the altitude, of O ABCD, 

To Prove area ABCD = axb, (1) 

Proof. 1. Draw line AE II DF, meeting CB prolonged at E. 

2. Then, rt. A ABE and DCF are eqnal. (§§ 61, 104) 

3. If from figure ADCE we take A ABE, there remains 
O AC; if we take A DCF, there remains rect. AF. 

4. Then, area ABCD = area ^J&2^/> ; whence equation (1). 
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' 283. It follows from § 282 that : 

1. Two parallelograms having equal bases and equal altitudes 
are equivalent (§ 279). 

2. Two parallelograms having equal altitudes are to each other 
a,s th^ir bases. 

3. Two parallelograms having equal Ixises are to each other 
as their altitudes. 

4. Any two parallelograms are to each other as the products 
of their bases by their altitudes. ^ 

Ex. 4. The area of a parallelogram is 288, the base is twice the alti- 
tude. Find the dimensions. Construct the parallelogram. Can more 
than one such parallelogram be drawn ? How many and what parts are 
necessary for a definite figure ? Why ? 

Ex. 5. Find the ratio of the area of a i^ombus to the product of its 
diagonals. 

Prop. V. Theorem 



The area of a triangle is equal to one-half the product of 
its base and altitude. ^ 

Draw A ABC having base BC (6) ; draw AE±BC, meeting BC, or 
BC extended, at E. We then have : 

Oiven b the base, and a the altitude of A ABO. 

To Prove area ABC = ^axb. 

(Draw line AD II BC, and line CD II AB. By § 105 AC 
divides O ABCD into two equal A.) 

285. It follows from § 284 that : 

1. Two triangles having equal bases and equal altitudes are 
equivalent 

2. Two triangles having equal altitudes are to each other as 
their bases. 

3. Two triangles having equal bases are to eaxik other as their 
altitudes. 

4. Any two triangles are to each other as the products of thei^ 
bases by their altitudes. 
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5. The area of any triangle is one-half that of a parallelogram 
having the same has^ and altitude, 

Ex. 6. Draw a line dividing a given right triangle into two equivalent 
isosceles triangles. 

XSx. 7. Prove that each of its medians divides a triangle into two 
equivalent parts. 

XSx. 8. The base of a triangle is 37 feet, the altitude is 32 feet. How 
many square yards in its area ? 

XSx. 9. The area of a triangle is 216, the altitude is 12 ; find the base. 

XSx. 10. If ^ and Fare the middle points of sides A E B 

AB and CD, respectively, of parallelogram A BCD, 
thQ lines AF, EF, and GE divide the parallelogram 

into four equal triangles. 

B F G 
Bx. 11. If the middle point of any side of a .r ^ 

parallelogram be joined to the opposite vertices, the triangle included by 
these lines and the opposite side is equivalent to one-half the parallelo- 
gram. 

XSx. 12. If the middle point of a diagonal of any quadrilateral be 
joined to the opposite vertices, the quadrilateral is divided into two pairs 
of equivalent triangles, and into two equivalent parts. 

Pbop. VI. Theorem 

286. The area of a trapezoid is equal to one-half the sum of 
its bases multiplied by its altitude. 

Draw trapezoid ABCD, AB (b) and DC (6') being II sides. From D 
draw altitude DE (a) meeting AB at E. We then have : 

Oiven AB (b) and DO (6') the bases, and DE (a) the altitude, 
of trapezoid ABOD, 

To Prove area ABCD = a x\(b -{-b'). 

(Draw diagonal BD. The trapezoid is composed of two 
A whose altitude is a, and bases b and b', respectively.) 

287. Since the line joining the middle points of the non- 
parallel sides of a trapezoid is equal to one-half the sura of the 
bases (§ 132), it follows that 

The area of a trapezoid is equal to the product of its altitude by 
the line joining the middle points of its non-parallel sides. 
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Hate. The are* of any polygon may be obtained by finding the soia 
of the areas of the triangles into which the polygoif 
may be divided by drawing diagonals from any 
one of its vertices. 

But in practice it is better to draw the longest 
diagonal, and draw perpendiculars to it from the 
remaining vertices of the polygon. 

The polygon will then be divided into right tri- 
angles and trapezoids; and by measuring the 
lengths of the perpendiculars, and of the portions of the diagonal which 
they intercept, the areas of the figures may be found by S§ 284 and 286. 

Prop. VII. Theorem 

288. Two similar triangles are to each other as the squares 
of their homologous sides. 

Draw A ABC ; and construct A A'B'C similar to A ABC^ AB (c) and 
A'B' (c') being homologous sides. We then have : 

Qiven c and c' homologous sides of A ABG and A'FCy 
respectively. 
To Prove ABO^^^ .^. 

Proof. 1. Draw altitudes CD(h) and CD\h') ± AB and 
A'B\ respectively. 

2. Find ratio ABO to A' BO in terms of h and c, and A' 
and c'. (I 285, 4) 

3. Express ratio ^ to A' in terms of c and c*. (§ 245) 

4. Substituting in result of step 2, gives (1). 

289. Note. Two similar triangles are to each other as the 
squares of any two homologous lines. 

Ex. 13. A field has two sides parallel, the lengths of these sides being 
160 yards and 302 yards, respectively. The distance between the parallel 
sides is 48 rods. How many acres has the field ? Draw a diagram. 

Ex. 14. A field has two parallel sides whose lengths are 322 and 168 
yards, respectively. The area of the field is 12 acres. Find the distance 
between the parallel sides and make a diagram of the field. 

Ex. 15. A square field contains 8 acres 12 square tods. Find its 
perimeter in rods, correct to three decimal places. 
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16. A square field contftins one-half a square mile. Find its 
diagonal in rods, correct to three decimal places. 

Ex. 17. The base of a rectangle is 462 feet One diagonal is 504 feet ; 
find the area of the rectangle. 

Ebc. 18. One-quarter of a government tree claim, containing 160 acres, 
is to be planted with trees 4 feet apart each way. How many trees will 
be required ? Will the same number of trees be required whether the 
part selected for planting be rectangular or square ? 

' Tiif. 19. The area of a trapezoid is 2774, the altitude is 38, the upper 
base is 20 ; find the lower base. 

Bz. 20. One of the equal sides of an isosceles trapezoid is 10 feet, the 
lower base ii 12 feet bnger than the upper base ; find the altitude. 

Sz. 21. One side of a rhombus is 20, the longer diagonal is 32 ; find 
the other diagonal, the area, and the altitude. 

Ex. 22. If from any point within an equilateral trian^e perpendicu- 
lars to the sides be drawn, the area of the triangle is equal to one-half 
the sum of the perpendiculars multiplied by one side of the triangle. 

Bx. 23. Find the area of a trapezoid whose parallel sides are a and 5, 
and whose altitude is 2, divided by the sum of the parallel sides. If a and 
h vary, will the area vary ? Will the form of the trapezoid change ? 
Draw the trapezoid. » 

Prop. VIII. Theorem 

290. Two triangles having an angle of one equal to an angle 
of the other, are to each other as the products of tJte sides indvd- 
ing the equal angles. 

A 




Draw A AB'C and line BC meeting AB^ at B, and AO at G. We 
then have : 

Oiren Z A common to A ABC and AB'O. 
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To Prove A^^ABxAC^ .^ 

Proof. 1. Draw line 5'(7; A ABCsiud 
AB'C have same vertex C, and bases AB 
and AB' in same str. line. 

2. Express ratio ABC to AB'C in terms of AB and AB'. 

<§ 285, 2) 

3. *A AB'C and AB'C have same vertex B', and bases -4C 
and ^C in same str. line. 

4. Express ratio of AB'C to AB'C in terms of ^0 and AC. 

5. Multiplying results of steps (2) and (4) gives equation (1). 

Ex. 24. If the equal angles of an equilateral triangle be bisected, the 
bisectors and the base form a triangle whose area is one-third that of the 
given triangle. 

Bat. 25. Any two altitudes of a triangle are inversely as the sides to^ 
which they are drawn. 

Ex. 26. The altitude of a triangle is 8, its area is 48, and the perpen- 
dicular to the base divides the base in the ratio of 2 to 1. Find the sides 
of the triangle. / Construct the triangle. 

Ex. 27. Two triangles have equal areas and equal vertical angles. 
Prove that the products oif the sides including the equal angles are equal. 

Prop. IX. Theorem 

291. Two similar polygons are to each other as the squares 
of their homologous sides. 




Draw polygon ABODE; construct polygon A'B'C'D'E' similar to 
ABCDE^ AB (a) and A'B' (a') being homologous sides. We then have; 
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Given a and a' homologous sides of similar polygons AC and 
A^O, whose areas are JiTand K^, respectively. 

To Prove f = f^. ' (1) 

Proof. 1. Draw diagonals from E and E\ 

2. A ABE is similar to A A^B'E. (§ 247) 

3. Express ratio ABE to A'B'E' in terms of a and a'. 

(§288) 

4 Also ^^^ ^^' ^' ^^^ Cl? ^a" 



(§234,2) 

^ Then AM^=^^^ = J^£^ m 

' A'B'E' B'C'E' an'E'' ^ 

6. Apply § 225 to above result. . 

7. Substituting values of members in above result gives (1). 

Ibc. 28. The area of a polygon having a side 6 feet is 112 square feet ; 
find the area of a similar polygon whose homologous side is 9 feet. 

Ex. 29. The ratio of the homologous sides of two similar polygons is 
2 to 3. What is the ratio of their areas ? Find a side of the first. If the 
area of the second is A, what is the area of the first ? 

ZSz. 30. The area of a polygon is {i the area of a similar polygon ; 
find the ratio of their homologous sides. 

Prop. X. Problem 

292. To find the area of a triangle in terms of its aides. 

Draw A ABC, a, 6, c, being the sides opposite A A, B, and (7, respec- 
tively, and Z C acute. We then have : 

Oiven sides a, b, and c of A ABC. 

Beqnired to find area ABC in terms of a, h, and c. 

Solution. 1. Draw altitude AD. 

2. Then, 0^ = a^ + 6^ _ 2a x CD. (§255) 

3. Transposing, 2ax CD =za^ -{-h^ - c^, 

g^ + 6^ - C" 

or VD=z — \— 

2a 
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4. Then, AJ} = AC* -W (§ 263) 

= (AC + CD)(AC - CD) 

^ (2a6 4- g' + &' - c^(2a6 ^a^-^b^-^c^ 

6. Now let a + 6 + c = 2 5. 

6. Then, 3^.^ 2.(2a-2c)(2a - 26)(2. - 2a) 

^ 16 g(g - a)(3 - 6)(8 - c) ■ 
4 a* 



7. Then, ^^^2V8(.- a)(. - 6)(. - c), 

a 

8. Then, area ^5(7 =^ax AD (?) 



= Vs(s — d){s — 6)(s — c). 

As an example of § 292, let it be required to find the area of a triangle 
whose sides are 13, 14, and 15. 

Let a = 13, 6 = 14, and c = 15 ; then 

s = J (13 + 14 + 15) = 21. 
Whence, « — a = 8, « — 6 = 7, and s — c = 6. 
Then, the area of the triangle is 

V2r>r8~xTx6= V3 X 7 X 28 X 7 X 2 X 3 



= V2* X 3=^ X 72 = 22 X 3 X 7 = 84. 

Ex. 31. If a line be drawn from the middle point of each side of a 
quadrilateral to the middle point of the next side in order, the figure 
formed is a parallelogram whose area is one-half that of the quadrilateral 

Ex. 32. Prove that the lines connectinir the middle points of the 
sides of a triangle divide it into four equal tiiangles. 
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293. ITote. Since the area of a square is equal to the 
square of its side (§ 281), we may state Prop. XXII, Book III, 
as follows : 

In any right triangle, the square described upon the hypotenuse 
is equivalent to the sum of the squares described upon the legs. 

The theorem in the above form may be proved as follows : 




Draw A ABC, right-angled at C; on AB, AC, and BG describe 
squarts ABUF, ACQH,' B,nd BCKL, respectively. We then have : 

Oiven squares AE, AG, and BK described upon the hypote- 
nuse and legs of A ABC. 

To Prove ABUF ^ ACGH + BCKL. (1) 

Proof. 1. Draw line CD A. AB, and prolong it to meet EF 
at M\ also, lines BH and CF. 

2. We have A ABH = A ACF, since AB = AF, AH = AC, 
and Z BAH^ Z CAF, each being a rt. Z + Z BAC (?) 

3. Then ABH =o= ^ ACGH, having same base and altitude. 

(§ 285, 5) 

4. k^m,ACF<i^\ADMF, 

5. Then \ ACGH^ ^ ADMF, or ACGH=o= ADMF. 

6. Similarly, drawing lines from A to L and from O to E^ 
BCKL =0= BDME. 

7. Adding results of (5) and (6), gives equation (1). 
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Vote. The theorem of § 293 is supposed to have been first given by 
Pythagoras, and is called after him the Pythagorean Theorem. 

Several other propositions of Book III may be put in the form of 
statements in regard to areas ; for example, Props. XXIII and XXIV. 

Ex. 33. In a triangle whose sides are a, &, and c, the angle opposite 
stde c is 90*^' Find the area in terms of the sides. 

Ex. 34. The sides of a triangle are a -{-h^h + c^ c-{- a\ find the alti- 
tude to side a + 6. 

Ex. 35. The sum of the squares of the diagonals of a parallelogram 
is equal to the sum of the squares of the four sides of the parallelogram. 
[Project one line upon another.] 

Ex. 36. Given a trapezoid with bases hi and &2f altitude h and area 
. 8^ find the altitude a of an equivalent equilateral triangle whose area is 
82- 181 = 82--] 

Ex. 37. If lines be drawn through the extremities of the diagonals 
of a rhombus parallel to the diagonals, they form with the diagonals four 
rectangles, each equivalent to one-half the rhombus. 

Ex. 38. The sides of a rectangle are 24 and 36. The altitude of a 
triangle of the same area is 33 ; find the base to which this altitude is 
drawn. Can more than one triangle be drawn which satisfies the con- 
ditions of the problem ? 

Ex. 39. AB, CD, EF, OH are parallel 
lines. EF is equidistant from AB and GIL 
State and prove all theorems suggested by 
the figure. 

Ex. 40. Given two chords AB and AC 
in a circle of 5-inch radius, such that central 
angle AOB = 60^, and OB is perpendicular to 
AC, to find the distance of each chord from 
the centre O. 

Ex. 41. If D is the intersection of the 
perpendiculars from the vertices of triangle ABC to the opposite sides, 
prove 




Ex. 42. Draw figure and give a geometrical proof of the algebraic 
theorem : The square of the sum of two numbers equals the square of the 
fii-st, plius twice the product of the first by the second, plus the square of 
the second. 
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ZSz. 43. Find the ratio of the areas of two triangles which have two 
sides of one equal to two sides of the other, and the angles formed by the 
equal sides supplementary. 

Ez. 44. The square of the altitude of an equilateral triangle is three- 
fourths the square of one side. 

Ez. 45. A person in a train observes that the direction in which the 
rain appears to fall makes an angle of 60° with the direction of the train's 
motion, which is at the rate of 45 miles an hour. The rain is really fall- 
ing vertically. What is its velocity ? 



CONSTRUCTIONS 

Prop. XI. Problem 

294. To construct a square equivalent to the sum of- two given 
squares. 




□ 



c 




A B 

Oiven squares M and N. 

Beqnired to construct a square =c= JIf + -^. 

Construction. Construct a rt. A with legs equal to the sides 
of M and N, and square P with its side equal to the hypote- 
nuse ; then, P =0^ M -{• N. 

(Prove by § 293.) 

295. By an extension of § 293, a square may be constructed 
equivalent to the sum of any number of given squares. 

Thus, suppose we have given three squares whose I> 

sides are m, n, and^, respectively. p/ \ 

Take line ^5 = m; draw line ACA.ABy and 
equal to n, and line BC\ draw line CD ± BC, and ^f\ \ 
equal tojp, and line BD, '^\ **x \ 

Then, the square having its side equal to BD U ^ 

■will be =0= the sum of the given squares. 



148 PLANE GEOMETRY — BOOK IV 

Peop. XII. Problem 

296. To construct a square equivalent to the difference of two 
given squares. 




B 



□ 



A yK 

Given squares Jf and -AT, M > N. 

Bequired to construct a square ^o^ M — N. 

Constmction. Draw rt. Z BAD, with AB equal to a side of 
N\ find point C in AD, its distance from B equal to a side of 
M] then, a square with side equal to AC will be ^0= 3f — ^. 

(Prove.by §§ 253 and 281.) 

Prop. XIII. Problem 

297. To construct a square equivalent to a given parallelogram. 

K B 



A E 

Given O ABCD. 



LJ. 



a 



Required to construct a square =o= ABCD. 
Construction. A square having for its side FG a mean pro- 
portional between AB and DE (§ 268), the altitude of the O, 

will be ^ ABCD. (By § 217, Yg' = AB x DE.) 

298. A square may he constructed equivalent to a given triangle 
by taking for its side a mean proportional between the base and 
one-half the altitude of the triangle. 

Ez. 46. To find a point within a parallelogram through which if any 
line he drawn, the parallelogram is divided into two equivalent parts. 
Are these parts parallelograms ? Trapezoids ? Triangles ? 
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Prop. XIV. Problem 

2d9. To construct a rectangle equivalent to a given square^ 
having the sum of its base and altitude equal to a given line. 





c ix^ 

t 1 






M 




- 1 



A E 

Oiven square My and line AB, 

Beqnired to construct a rectangle =o= My having the sum of 
its base and altitude equal to AB, 

Construction. 1. Construct semi-circumference with diame- 
ter AB ; and find point D in its arc by drawing II to AB at a 
distance from AB equal to a side of M, 

2. Draw line DE A. AB; then rectangle with dimensions 
AE and BE will be o= M. 

(By § 250, 1, 11 = 11 ; and DE" = AE x BE,) 



Prop. XV. Problem 

300. To construct a rectangle equivalent to a given square, 
having the difference of its base and altitude equal to a given line. 




At 



\0 



N 



Given square M, and line AB, 

Beqnired to construct a rectangle =c= M, having the differ- 
ence of its base and altitude equal to AB. 

Construction. 1. Describe O with diameter AB, 
2, Draw tangent AC equal to a side of M, 
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3. Through C and centre of O draw, a secant, and construct 
a rectangle with dimensions equal to the secant and its exterior 
segment. 

(By § 259, CD X CE^ CJ"-, also, AB= CE-^CD.) 

Prop. XVI. Problem 

301. To construct a square having a given ratio to a given 
square. 



E\ 



/"eA- 



:>^JP ^^ 



ii I :>.u 

A ^ D f^ B 



N 



Given square 3f, and lines m and n. 

Eequired to construct a square having to Jf the ratio -^. 

m 

Construction. 1. Take ^4Z)=:m, BD = n\ with AB as 
diameter describe a semi-circumference ; find point C where 
± at Z) meets arc. 

2. On CA take GE equal to a side of 3f; at E draw II to 
AB meeting CB at F-^ square -^ with side equal to OF will be 
required square. 

4. Ia,..A^i<C,§:.^fi|§ = ^=A (125,2, 

5. Substitute this in (1) ; and for CF^ and CE^ areas 1^ 
and M. 

Ez. 47. To. inscribe a parallelogram in an equilateral triangle, one 
angle of the parallelogram being 120°. Can more than one such parallelo- 
gram be drawn ? 

Ex. 48. To inscribe a rhombus in a given triangle, the rhombus and 
triangle to have one angle in common. J 
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Prop. XVII. Problem 
302. To construct a triangle equivalent to a given polygon. 




Given polygon ABODE, 

B.equired to construct a A =d= ABODE, 

Construction. 1. Take three consecutive vertices, A^ B, (7; 
draw diagonal -4(7, and line BF II AG, meeting DO prolonged 
at F, also line AF. 

2. A AOF o= A ABO', then, polygon AFDE =o= ABODE 
(having common part AODE), and has a number of sides less 

byl. 

3. Draw diagonal AD, and line EG II AD, meeting OD pro- 
longed at Gf also line AG ; then, A AED =c= A AGD, whence 
A AFG ^ polygon AFDE, or to ABODE, 

Proof. 4. A AOF and ABO have same base and altitude. 

(§96) 

5. Then area ^CF = area ^50. (?) 

6. Similarly, area AED = area AGD, 

Hote. By aid of §§ 302 and 298, a square may be constructed equiv- 
alent to a given polygon. 

ZSz. 49. The bases of a trapezoid are 8 and 10, respectively, the alti- 
tude 6. Construct an equivalent equilateral triangle. 

[An equilateral triangle can be constructed when its altitude is 
known.] 

Ex. 50. The bases of a trapezoid^ are 6 and 8, respectively ; the area 
is 36. Construct the trapezoid and an equivalent equilateral triangle. 
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Ex. 51. Given A ABC. Draw a line from A to BC which shall 
divide the triangle into two triangles the ratio of whose areas is 1 to 2. 

Prop. XVIII. Problem 

303. To construct a polygon similar to a given polygon, and 
having a given ratio to it 

D' 




■O" 



^' B' 

Given polygon AC^ and lines m and w. 

Eequired to construct a polygon similar to AG, and having 

to it the ratio — . 
m 

Constmction. 1. Let AB^ be side of square having to the 
square described on AB the required ratio. (§ 301) 

2. Polygon AC\ similar to AC, will have required ratio 
to it. 

f By § 291, area^^C^ ^^g ^^^^^ ^ -^^ n_^ \ 

\ area AQ aB ^ J 

Prop. XIX. Problem 

304. To construct a polygon similar to one of two given poly- 
gons, and equivalent to the other. 

(2) />i - {^ 

A B A* B 

Given polygons M and N, 

Beqnired to construct a polygon similar to M, and =o= JV. 
Construction. 1. Find m and n sides of squares =o= M and JV. 

(Note, § 302) 



AREAS OF POLYGONS 153 

2. Polygon P, similar to My with ABf a fourth proportional 
to m, n, and ABy will be =0= N. 

•w% * o T> u oAi 2irea M AB m^ , ^ 

Proof. 3. By § 291, — = -^=5 = — -, by cons. 

area P J/^ tv 

M mi area M. area M j r» -xr 

4. Then ^^^^^^^-^ = =^^^: — - , and area P = area N. 
area P area -^ 

Bz. 52. To inscribe in a given triangle a parallelogram whose area is 
one-half the area of the triangle. Can a parallelogram be inscribed whose 
area is still greater ? 

Fhr. 53. Through a given point P, either within or without a given 
angle, to draw a line which shall form with the sides of the angle a 
triangle of given area. 

Ex. 54. To construct a triangle whose angles shall be equal, respec- 
tively, to the angles of a given triangle, and whose area shall be four 
times the area of the given triangle. 
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REGULAR POLYGONS. — MEASUREMENT OP THE 
CIRCLE. -LDCI 

305. Def . A regular polygon is a polygon which is both 
equilateral and equiangular. 

Prop. I. Theorem 

306. A circle can he circumscribed about any regular polygon, 

D 




Given regular polygon ABODE. 

To Prove that a O can be circumscribed about it. 

Proof. 1. Draw circumference through A, B, (7; also, radii 
OA, OB, 00, and line 0Z>. 

2. In A OAB, OOD, OB = 00, AB = OD. (?) 

3. Z0BA=:ZABC-Z0BO,Z0OD==ZBOD-Z0CB, 

4. Since ZABO=ZBOD (?), and Z OBO = A OOB (?), 

Z OB A = Z OOD, 

5. Then A OAB = A OOD, and OA = OD. (?) 

6. Then circumference through A, B, O passes through d\ 
and similarly through E, 
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307. Since AB^ BO, CD, etc., are equal chords of tlie cir- 
cumscribed O, they are equally distant from 0. (§ 164) 

Then, a O drawn with as a centre, and a line Oi^± to any 
side AB as a radius, will be inscribed in ABODE. 
Hence, a circle can he inscribed in any regular polygon. 

308. Deffl. The centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

The angle at the centre is the angle between the radii drawn 
to the extremities of any side ; as AOB. 

The radius is the radius of the circumscribed circle, OA. 
The apothem is the radius of the inscribed circle, OF. 

309. From equal A OAB, OBO, etc., we have 

Z AOB = Z BOO = Z OOD, etc. (?) 

But the sum of these A is four rt. A, (§ 19) 

Whence, the angle at the centre of a regular polygon is equal to 
four right angles divided by the number of sides. 

Prop. II. Theorem 

310. If a circumference be divided into equal arcs, their chords 
form a regular inscribed polygon. 

L A F 




U 

Given circumference AOD divided into five equal arcs, AB, 
BC, OD, etc., and chords AB, BO, etc. 

To Prove polygon ABODE regular. 

Proof. 1. Sides of polygon are equal by § 159. 

2. Each Z is measured by one-half the sum of three of the 
equal arcs. (§ 192^ 
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311. Let lines XF, FOy etc., be tangent to O ACD at A, B, 
etc., respectively, forming polygon FQHKL. 

In A ABF, EGG, CDH, etc., AB = BC= CD, etc. (§ 159) 

Also, since arc AB = arc BO = arc CD, etc., we have 

ZBAF=ZABF==ZCBG = ^BCG, etc. (§ 196) 

A F 




H 

Whence, ABF, BCG, etc., are equal isosceles A. (§§ 49, 90) 

Then, ZF= Z G = Z H, etc., 

and BF = BG=CG= OH, etc. (§ 48) 

Then, FG = (?ir= ITff; etc., 

and polygon FGHKL is regular. 

Then, if a circumference he divided into equal arcs, tangents at 
the points of division form a regular circumscribed polygon. 

312. It follows from §§ 310 and 311 that 

1. If from the middle point of each arc subtended by a side 
of a regular inscribed polygon lines be drawn to its extremities, 
a regular inscribed polygon of double the number of sides is 
formed. 

2. If at the middle point of each arc included between two con- 
secutive points of contact of a regular circumscribed polygon tan- 
gents be drawn, a regular circumscribed polygon of double the 
number of sides is formed. 

3. An equilateral polygon inscribed in a circle is regular. 
Por its sides subtend equal arcs. (?) 
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Prop. III. Theorem 

313. Tangents to a circle at the middle points of the arcs sub- 
tended by tJie sides of a regtUar inscribed polygon, form a regular 
circumscribed polygon. 




H 

Oiven ABODE a regular polygon inscribed in O AC, and 
polygon A'B'CfD'E' with sides A'B', B'Cy etc., tangent to O AC 
at middle points F, G, etc., of arcs AB, BO, etc., respectively. 

To Prove A'B'OD'E' a regular polygon. 

(Arc AF= arc BF= arc BG = arc OG, etc.; use § 311.) 

Prop. IV. Theorem 
314. Regular polygons of the same number of sides are similar. 
D 

B4 





A B JP B' 

Given AO and A^O regular polygons of five sides. 
To Prove AC and A'C similar. (Use § 233.) 

Find the angle, and the angle at the centre, 

ZjZ. 1. Of a regular pentagon. 

Ex. 2. Of a regular dodecagon. 

Ex. 3. Of a regular polygon of 82 sides. 

Ez. 4. Of a regular polygon of 25 sides. 
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Prop. V. Theorem 

315. The perimeters of two similar regular polygons are to 
each other as their radii, or as their apothems. 





F' B' 



Given 0, 0' the centres, OA {R\ O'A' (R') the radii, OF 
(r), O'F' (r') the apothems, and P, P the perimeters, respec- 
tively, of similar regular polygons AO and A^C 

ToProve ^-% = V'' <^) 

Proof. 1. Draw lines OB, O'B' ; then Z AOB = Z A'O'S. 

(§309) 



2. Since ^^=-^^, A OAB, O'A'B' are similar. 



3. Then, 

4. Now 



AB R 



A'B' 
AB 
A'B^' 



R' 
P 



(§ 242) 
(§245) 
(§248) 



5. Substituting in result of (3) gives equation (1). 
316. If ^denote the area of polygon AC, and K' of A'C, 
K Iff 



K' 



A^'' 



(§ 291) 



But, 



AB R r , _,, K R? 7^ 
^ = "^ = 75 whence, -=_ = -. 



AB' R' 



That is, the areas of two similar regular polygons are to each 
other OS the squares of their radii, or as the squares of their 
apothems. 



REGULAR POLYGONS 



159 




Prop. VI. Theorem 

317. The area of a regular polygon is equal to one-half the 
product of its perimeter and apothem, D 

Given P the perimeter, and r the 
apothem, of regular polygon AC, Ei 

To Prove area AO ==^Pxr, 

(A GAB, OBC, etc., have common 
altitude r.) 2 — f b 

Ex. 5. One side of a regular hexagon is 2\/3. Find the radius of the 
inscribed circle. 

Ez. 6. The apothem of a regular polygon is 9, and the area 182. What 
is the perimeter ? 

Ex. 7. In an equilateral triangle find the area K in terms of the 
apothem r. 

Ex. 8. In a regular hexagon find the apothem in terms of B ; find 
the area in terms of B ; find the area in terms of the apothem. 

Ex. 9. Find the ratio of the altitude and apothem of an equilateral 
triangle. 

Ex. 10. A triangle whose area is 120 is inscribed in a semicircle 
whose radius is 13. Construct the triangle. 

Prop. VIL Problem 

318. To inscribe a square in a given cirde. 
Given O AO. 

Bequired to inscribe a square in O AC. 
Gonstmotion. Draw ± diameters AC 

and BD, and lines AB, BC, CD, and 
DA ; ABCD is a square. 

(The proof is left to the pupil; see 
§ 310.) 

319. Denoting radius OA by E, 

AB'=pOA' -\- 05" = 2 R' (§ 252) ; whence, AB:=RV2. 
That is, the side of an inscribed square is equal to the radius 
of the circle multiplied by V2. 
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Prop. VIII. Problem 
320. To inscribe a regular hexagon in a given circle. 




Given O AO. 

Eeqnired to inscribe a regular hexagon mQ AG. 

Gonstmction. 1. Find point B in circumference at a dis- 
tance from A equal to radius OA, 

2. Line AB is a side of a regular inscribed hexagon ; and 
to inscribe a regular hexagon in a O apply radius 6 times as a 
chord. 

Proof. 3. A AOB is equiangular. (§ 61) 

4. Then Z AOB is | of 2 rt. ^ (?), or ^ of 4 rt. A. 

321. It follows from § 320 that the side of a regular inscribed 
hexagon equals the radius of the circle, 

322. Note. If chords be drawn joining the alternate ver- 
tices of a regular inscribed hexagon, there is formed an in- 
scribed equilateral triangle. 

323. Let AB be a side of an equilateral 
A inscribed in O AD, whose radius is R. 

Drawing diameter AC, and chord BC, BC 
is a side of a regular inscribed hexagon, 
and therefore equal to B. (§§ 321, 322) 

Now ABC is a rt. A. (§ 194) 

, Then by § 253, AB" == AC' - W = (2 i2)« - iP = 3 /?. 

Whence, AB = R V3. 
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Then, the aide of an inscribed equilateral triangle equals the 
radius of the circle multiplied by V3. 

Prop. IX. Problem 
324. To inscribe a regular decagon in a given circle. 




A 
Given© ^(7. 

Beqnired to inscribe a regular decagon inOAO, 
Construction. 1. Divide radius OA internally in extreme 
and mean ratio (§ 273), making 

OM AM ^ ^ 

2. OM is a side of a regular inscribed decagon. 
Proof. 3. Take chord AB= OM, and draw lines OB, BM\ 
in A OAB, ABM, Z.A = /,A, 

4. Since OM^AB, (1) becomes ^ = ^. 

' ^ ^ AB AM 

5. A OAB, ABMsiTe similar (§ 242) ; then Z ABM=: Z 0. 

6. A ABM is isosceles, being similar to A OAB. 

7. By Ax. 1,AB = BM= OM-, then Z OBM= Z 0. (?) 

8. Add results of (5) and (7), Z OB A = 2 ZO. (2) 

9. Find sum of ^ of A OAB ; 2 Z OB A ^Z0=^ 180^ (?) 
10. Substitute in this value of ZOBA in (2), then 

b ZO^ 180^ ; and Z is ^ of 4 rt. A 

325. Note. If chords be drawn joining the alternate vertices 
of a regular inscribed decagon, there is formed a regular in- 
scribed pentagon. 



162 PLANE GEOMETRY — BOOK V 

326. Denoting the radius of the O by R, we have 

AB = 0M=: -^(V5-l) . (§ 274) 

This is an expression for the side of a regular inscribed 
decagon in terms of the radius of the circle. 

Ziz. 11. The diameter of a circle is 20. Inscribe a regular hexagon 
and find its area. 

Ez. 12. The side of a regular hexagon is 6 ; find its area. If this 
hexagon be an inscribed one, what is the area of the regular hexagon cir- 
cumscribing the same circle ? 

Ex. 13. A regular polygon is inscribed in a circle. Give a general 
method for finding its area. 

Ez. 14. An equilateral triangle is inscribed in a circle. If its side is 
10, what is its area, and how does it compare with the area of the equi- 
lateral triangle circumscribing the same circle ? 

Ez. 15. If the altitude of the triangle in exercise 14 were 10, what 
would be its area and the area of the equilateral triangle circumscribing 
the circle ? 

Ex. 16. The centre of a regular hexagon bisects every line drawn 
through it which terminates in the sides of the hexagon. 

Ex. 17. The apothem of an inscribed equilateral triangle is one-half 
the radius of the circle. 

Prop. X. Problem 

327. To construct the side of a regular pentedecagon Uiscribed 
in a given circle. 



Oiven arc JOT". 

Eequired to construct the side of a regular inscribed polygon 
of fifteen sides. 

Construction. If AB is a side of a regular inscribed hexagon 
(§ 321), and AC a side of a regular inscribed decagon (§ 326), 
arc BC is | — ^, or -^^ of the circumference. 



REGULAR POLYGONS 163 

Ex. 18. An equilateral triangle is inscribed in a circle. The distance 
from the intersection of the medians to the middle point of the base is 6. 
Fiad the radius of the circle. 

£!x. 19. If a circle be inscribed in an equilateral triangle, the altitude 
of the triangle passes through the centre of the circle, and is three times 
the radius of the circle. 

Bz. 20. The area of the square which circumscribes a circle is twice 
tbat of the inscribed square. 

Bx. 21. The area of the equilateral triangle circumscribing a circle is 
four times the area of the inscribed one. 

MEASUREMENT OF THE CIRCLE 

Prop. XI. Theorem 

328. 7%e circumference of a circle is shorter than the perim- 
eter of any circumscribed polygon. 




Given polygon ABCD circumscribed about a G. 
To Prove circumference of O shorter than perimeter ABCD, 
Proof. 1. Of the perimeters of the O, and of all possible 
circumscribed polygons, there must be some perimeter such 
that all the others are of the same or greater length. 

2. But no circumscribed polygon can have this perimeter; 
for suppose polygon ABCD to have this perimeter, and draw 
line EF tangent to the O, meeting AB at E and AD at F, 

3. We know that EF is < (AE + AF). (Ax: 6) 

4. Then, the perimeter of polygon BEFDO is < the perim- 
eter of polygon ABCD, 

5. Hence, the circumference of the O is < the perimeter of 
any circumscribed polygon. 
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Prop. XII. Theorem 

329. If a regular polygon be inscribed in, or circumscribed 
about, a circle, and the number of its sides be indefinitely increased, 
I. Its perimeter approaches the circumference as a limit, 
II. Its area approaches the area of the circle as a limit. 

A' F B' - 



\ 



^7b 



/ 
/ 
/ 



Oiven p, P perimeters, k, K areas, of two regular polygons 
of same number of sides, respectively inscribed in, and circum- 
scribed about, a O, whose circumference is C, and area S. 

To Prove that, if the number of sides of the polygons be 
indefinitely increased, P and p approach the limit (7, and K 
and k the limit S, ^ 

Proof. 1. Let A^B^ be side of polygon whose perimeter is 
P\ draw radius OF to point of contact. 

2. If OA and OB cut circumference at A and B, AB is side 
of polygon whose perimeter is p, (§ 309) 

3. Polygons are similar; then -=-^. (§§314,315) 

4. Then, ^ 

5. pii< circumference; OA' - OF ia< A'F. (Ax. 7, § 62) 

6. Then, P-p<^xAF. (1) 

7. If number of sides of each polygon be indefinitely in- 
creased, the polygons continuing to have same number of sides, 
the length of each side will be indefinitely diminished, and 
A'F will approach the limit 0. 
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8. _ being constant, F — p will approach limit 0. 

9. Now circumference is < P, and > p. (§ 328, Ax. 7) 

10. Then, P — Cand C — p will approach limit 0, and F and 
p will approach limit C, 

11. Again, by § 316, ~ = — ; or -j^= qT ' 

(?) 

12. Then, K -k=A=',xAn^. (§253) 

of' 

13. If the number of sides of each polygon be indefinitely 

increased, the polygons continuing to have the same number 

of sides, A'F will approach limit 0. 
1. jo 

14. . :<A'F^ being < =~ X Jfp^, will approach limit 0. 

OF OF 

15. Then, K— k will approach limit ; and S being < K, 
and > kj K and k will approach limit S. 

330. i/" a regular polygon be inscribed in a circle, and the num- 
ber of its sides be indefinitely increased, its apothem approaches 
the radius of the circle as a limit. 

For, it was shown in § 329 that OA' — OF approaches the 
limit 0, whence OF approaches the limit OA', 

OF is the apothem of a regular polygon inscribed in a circle whose 
radius is OA', 

Pbop. XIII. Theorem 

331. TTie circumferences of two circles are to each other as their 
radii. ^^ ji i^.^ 




Oiven C and C the circumferences of two (D whose radii are 
H and E', respectively. 
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To Prove § = |. (1) y:^^ ^^ 

Proof. 1. Inscribe similar regular V\ /J r*, /) 

polygons whose perimeters are P and X^--^^^ \ ^^-j / 

P'y in (D whose radii are B and R'. 

2. Then ^ = ^ (§ 315) ; whence PxR = F>.R, 

3. If number of sides of polygons be indefinitely increased, 
Px R' approaches limit C X R', and P' x i? the limit C x It, 

(§ 329, 1) 

4. Equate these limits (§ 187), and use § 218. 

R 

332. Multiplying the terms of the ratio — by 2, we have 

C ^2R ^D 

a 2R' D'' 
if D and D' denote the diameters of the © whose radii are R 
and R', respectively. 

That is, the circumferences of two circles are to each other as 
their diameters. 

333. The proportion ^ = ^^ (§ 332) may be written 

That is, the ratio of the circumference of a cirde to its diameter 
has the same value for every circle. 
This constant value is denoted by the symbol w ; then, 

It is shown by methods of higher mathematics that the 
ratio TT is incommensurable ; its numerical value can only be 
obtained approximately. 

Its value to the nearest fourth decimal place is 3.1416. 

334. Equation (1) of § 333 gives 

C=7rZ>. 
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That is, the circumference of a cirde is equal to its diameter 
multiplied by tt. 

We also have (7 = 2 irE. 

That is, the circumference of a circle is equal to its radius multi- 
plied by 2 IT, 

335. Def . In circles of different radii, similar arcs, similar 
segments, and similar sectors are those which correspond to 
aqual central angles. 

Prop. XIV. Theorem 

336. The area of a circle is equal to one-half the product of its 
circumference and radius. 



Oiven B the radius, C the circumference, and S the area 

of aO. 

To Prove S==iCxR. (1) 

Proof. 1. Circumscribe a regular polygon about the O; 

let F demote its perimeter, and K its area. 

2. We have K= ^PxR. (§ 317) 

3. If number of sides of polygon be indefinitely increased, 
jr approaches limit /S, and ^ P X 22 the limit i x B. (§ 329) 

4. Equating limits (?) gives equation (1). 

337. Wehave C=2 7r-B; then, S = wR x E == irR", 
That is, the area of a circle is equal to the square of its radius 
multiplied by tt. 

Again, S = \7r xAR' = \7rX(2 R)\ 

If D denote the diameter of the Q, S =^\ vD^. 
That is, the area of a circle is equal to the square of its diame- 
ter multiplied by \ ir. 
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338. Let S and S^ denote the areas of two © whose radii 
are B and -K', and diameters D and />', respectivdy. 

That is, the areas of two circles are to each other as the squares 
of their radii, or as the squares of their diameters, 

339. Let s be the area, and c the arc, of a sector x)f a 0, 
whose area is 8, circumference O, and radius R. 

Since a sector is the same part of the O that its arc is of the 
circumference, 

Then, by § 336, s = cy\R=\cx R. 

Hence, the area of a sector equals one-half the product of its 
arc and radius. 

Since similar sectors are like parts of the (D to which they 
belong (§ 335), it follows that 

Similar sectors are to each other as the squares of their radii. 

Ez. 22. The area of a circle is 64 ir ; find the circumference. 

Ez. 23 . Give geometric method for cutting the largest possible octagon 
from a board one foot square. 

Ex. 24. The area of a circle is 154, find its circumference and radius. 

Ex. 25. The area of a circle is 144 ir. Find the area of an inscribed 

equilateral triangle. 

Ez. 26. The radius of a circle is 14 ; find its area. If the radius were 
doubled, how would the area be aiOEected ? 

Ex. 27. What is the area of the largest circle which can be cut from a 
triangular piece of cardboard whose edges are 6, 13, and 12 inches, 
respectively ? 

Ex. 28. TheTatio of the areas of two circles is ^, one circumference 
is 37.6992 ; find the other circumference. Will more than one circum- 
ference satisfy the given conditions ? Why? (ir = 3.1416.) 
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Prop. XV. Problem 

340. Given p and P, tJie perimeters of a regular inscribed and 
of a regular circumscribed polygon of the same number of sides, 
to find p' and P', the perimeters of a regular inscribed and of a 
regular circumscribed polygon having double the number of sides. 



A' M F N- B' 



4, M F JS 

A^^^. 1 -^i 



\\ ! / 
Ml/ 

T 

Solution. 1. Let AB be side of polygon whose perimeter is p. 

2. Let radius OF bisect arc AB at F\ let radii OA and OB 
extended cut tangent at F at A and B\ respectively ; then 
A!B^ is side of polygon whose perimeter is P. (§ 309) 

3. Draw chords AF, BF, and tangents AMy BN, meeting 
A^B^ at M and N, respectively ; then AF and MN ar.e sides of 
polygons whose perimeters are p^ and P'. (§ 312) 

4. If n denotes number of sides of polygons whose perime- 
ters are p and P, and 2 n number of sides of polygons whose 
perimeters are p' and P, 

AB=^,A'B' = ^,AF=:^,MN=^-^. (1) 

n n 2n 2n 

5. Line 03f bisects Z ^' OP; whence, ^^=^'. 

(§§ 175, 230) 

7. Then, ^=^, and P±1^^!M±^, (,) 

' p MF p MF ^ ^ 

8. Then,^±£ = ^'^ = i^' = ^.^^ = ^. 

' 2p 2MF MN 2n 2n P 
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9. Then, P' x{P+p)=2 Pxp, ov P = ^-^^^. (2) 

10. Again, since Z ABF= Z AFM^ A ABF, AFM are sim- 
ilar. (§§ 192, 196, 236) 

or AF' = ABxMF. (?) \ i ,/ 

12. Thenby(l),f:i = £xf = £f|:. '«' 

13. T^en, p'^^px P', and p* = VpyTP. (3) 

341. We will now show how to compute an approximate 
value of TT (§ 333). 

If the diameter of a O is 1, the side of an inscribed square 
is \ V2 (§ 319) ; hence, its perimeter is 2 V2. 

Again, the side of a circumscribed square is equal to the 
diameter of the O ; hence, its perimeter is 4. 

We then put in equation (2), § 340, 

P = 4, andj? = 2V2 = 2.82843. 
Then, ' F = ^^^P = 3.31371. 

We then put in equation (3), § 340, 

p = 2.82843, and F = 3.31371. 



Then, i)' = Vp x i^ = 3.06147. 

These are the perimeters of the regular circumscribed and 
inscribed octagons, respectively. 

Repeating the operation with these values, we put in (2), 
P = 3.31371, and p = 3.06147. 

Then, F=^-^^^= 3.18260. 

P+P 

We then put in (3), p = 3.06147 and P = 3.18260. 

Then, p' = VpyTP = 3.12145. 

These are, respectively, the perimeters of the regular cii- 
um scribed and inscribed polygons of sixteen sides. 
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171 



No. OP 
Sides 


PXBIMXTSB OF 

Ebo. Cibo. Polygon 


Pbbimbteb of 
Kbo. Inso. Polygon 


4 


4. 


2.82843 


8 


8.31371 


8.06147 


16 


3.18260 


8.12145 


82 


8.15172 


8.13655 


64 


3.14412 


3.14033 


128 


8.14222 


3.14128 


256 


3.14175 


3.14151 


612 


3.14163 


3.14157 



The last result shows that the circumference of a O whose 
diameter is 1 is > 3.14157, and < 3.14163. 

Hence, an approximate value of tt is 3.1416, correct to the 
fourth decimal place. 

Note. The value of ir to fourteen decimal places is 3.14159266358979. 

Ex. 29. T]^e radius of a circle is 12. What is the radius of a circle 
having twice the area ? 

Ez. 30. The area of the equilateral triangle inscribed in a circle is 
one-half the area of the regular hexagon inscribed in the same circle. 

Ez. 31. Two circumferences are in the ratio 3 to 4. What is the 
ratio of their radii ? their diameters ? their areas ? 

Ez. 32. The areas of two circles are in the ratio 1 to 2. What is 
the ratio of their radii ? of their diameters ? 

Ex. 33. The areas of two circles are 836 and 616, respectively. If the 
radius of the second is 257, what is the radius of the first ? 

Ex. 34. One side of an inscribed equilateral triangle is 10 ; find the 
radius of the circle. 

E^. 35. What is the area of a sector of a circle whose radius is 12, if 
the angle of the sector is 45° ? 

Ex. 36. Find the ratio of the area of a circle to the area of its circum- 
scribed square. 

Ex. 37. Find the ratio of the area of a circle to the area of its circum- 
scribed equilateral triangle. 
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"Bx. 38. Find the ratio of the perimeters of the circumscribed and 

inscribed equilateral triangles. 



Ez. 39. A wheel revolves 55 times in travelling 



1046 1 



ft. What is 



its diameter in inches ? 

If r represents the radius, a the apothem, « the side, and k the area, 
prove that 

Ez. 40. In a regular octagon. 



8 = r V2 - V2, a = i r V2 + V2, and A; = 2 r^ V5. 
Ez. 41. In a regular dodecagon, 



8 = rV2 - V3, a = irV2+ V3, and k = Sf^. 
Ez. 42. In a regular octagon, 



« = 2 a(V2 - 1), r = aV4 - 2 \^, and A; = 8a«(\/2 ^ 1). * 
Ez. 43. In a regular dodecagon, 



« = 2a(2-\/3), r = 2aV2 - V8, and k = 12a2(2 _ VS). 

Ex. 44. In a regular decagon, a = J rv 10 + 2 VS. 
(Find the apothem.) 

Ex. 45. Find the number of degrees in a radian, an arc whose length 
is equal to that of the radius of the circle. (x = 3.1416.) 

Ex. 46. A circular grass plot whose diameter is 52 feet is surrounded 
by a walk of uniform width whose area is 763.984. Find the width of the 
walk. (t=: 3.1416.) 



eS 










O 










^ 






1 


1 





4 8 


\ 1 


5 Nximber of sides 


64 • 



Ex. 47. Find the areas of regular inscribed polygons of 4, 8, 16, 32, 
64, 128 sides, and of the circumscribing circle (§ 341). Using area for ver- 
tical measurements and number of sides for horizontal measurements, 
make a graph of the data showing the approach of the area of the polj'- 
gon to that of the circle as the number of sides increases. 
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LOCI 

342. Def. If a series of points, all of which satisfy a cer- 
tain condition, lie in a certain line, and every point in this 
line satisfies the given condition, the line is said to be the 
locics of the points. 

For example, all points which satisfy the condition of being 
equally distant from the extremities of a straight line, lie in 
the perpendicular erected at the middle point of the line (§ 56). 

Also, every point in the perpendicular 'erected at the middle 
point of a line satisfies the condition of being equally distant 
from the extremities of the line (§ 55). 

Hence, the perpendicular erected at the middle point of a 
straight line is the Locus of points which are equally distant from 
the extremities of the line. 

Again, all points which satisfy the condition of being within 
an angle, and equally distant from its sides, lie in the bisector 
of the angle (§ 99). 

Also, every point in the bisector of an angle satisfies the 
condition of being equally distant from its sides (§ 98). 

Hence, the bisector of an angle is the locus of points which are 
within the angle, and equally distant from its sides, 

Ex. 48. Find the locus of points in a plane three inches from a fixed 
point in the plane. Construct the locus. 

Ex. 49. What is the locus of points in a plane equally distant from all 
points in the circumference of a circle ? 

Ex. 50. Find the locus of the vertices of triangles having a fixed 
base and the same altitude. Construct the locus. 

Ex. 51. Two equal chords intersect ; find the locus of their inter- 
sections. 

Ex. 52. The length of the hypotenuse of a right triangle is fixed ; find 
the locus of the centres of the inscribed circles; of the circumscribed 
circles. 

Ex. 53. Find the locus of the middle points of chords drawn through 
a fixed point within a circle. 
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Ez. 54. Construct the locus of points equidistant from two given 
lines. How many cases ire there ? 

Ex. 55. Draw the approximate locus of the middle points of the 
hypotenuses of all right triangles having a hypotenuse of fixed length and 
the vertex of the right angle fixed. 

Ez. 56. Construct the locus of the centres of circles tangent to two 
lines which intersect at right angles. Is there more than one system of 
these circles ? 

Ez. 57. Find the locus of the centres of circumferences which pass 
through a fixed point. ^^^ 
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